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B.1.2

Appendix B

SETS AND FUNCTIONS

B.1 SETS AND THE ALGEBRA OF SETS

The concept of set is the most basic of all mathematical concepts. Indeed, it
even precedes counting. In order to be able to count “how many,” one must
be able to conceive of the objects being counted as somehow separated from
all objects not being counted. Thus, it is natural that the algebra of sets is
logically placed before the algebra of numbers. This section will review the
basic concepts, operations, and relations of sets.

We first point out that the word “set” is an undefined term in our context.
That is, we assume that the reader has an understanding of the word that
conforms to certain axioms, and does not require further definition. To describe
these axioms is beyond the scope of this book. One of them, however, states
that a set is completely determined by its elements (or its members); that is,
by what belongs to it.

NOTATION: We usually denote sets by capital letters and their elements
by lower case letters.

The symbol “€” is used to denote “is an element of”. Thus,
€A

is the statement “z is an element of A4,” or “z belongs to A.”

Definition. If p(z) is any proposition about a variable z, then {z : p(z)}
denotes the set of all values of ¢ for which p(z) is true. It is sometimes called
the “truth set” of p(z).

Definition. n any particular context in which variables are used, there is a
universal set, U, from which the variables draw their values. This U is often
understood without explicit mention. For example, when you see an equation
like 32% + Tz — 10 = 0, you assume that U is a set of numbers, usually either the
set of all real numbers or the set of all complex numbers. To solve an equation
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is to find all values in U that, when substituted for the unknown(s), make the
equation true.

The empty set, 0, is the set that has no members. Thus, for example,

0={z:z+#z}.

B.1.3 Definition. Some special sets. Although the official definitions of natural
numbers, integers, rational numbers, and so on are not given until Chapter 1, we
shall use the following symbols for the sets of these familiar types of numbers:

N ={all natural numbers}= {1,2,3, 4, ek
Z ={all integers}={---, —4,-3,-2, 1,0, 1,2,3,4, ---};
Q ={all rational numbers}= {™ : m,n € Z, and n + 0};

R ={all real numbers}= {all numbers located on a “number line”}.

We also use the interval notation familiar from calculus: Va,b € R,

(a,0) = {z €eR:a <z < b}; (—00,b) ={z € R:z < b};

[0,0] = {z €eR:a <z < b}; (—o0, bl ={z € R:z < b}

(a0l ={ze€R:a<z<b}; (a,+0) ={z €R:z > a};

[0,0) ={z €eR:a <z < b} [a,+c0) ={z €R: 2z > a};
(—0o0,00) =R.

B.1.4 Definition. Let A and B be sets. Then
(2) The union of A and B is the set AUB = {z:z€AorzeB}.
(b) The intersection of A and B is the set AN B — {z:z€ Aandz e B}
(c) The complement of A is the set A = {reU:z¢ A}
(d) The relative complement of A in B is the set B — A — {reB:z ¢ A}

These sets are conveniently illustrated in the following “Venn diagrams:”

" Figure 1




B.1. SETS AND THE ALGEBRA OF SETS 525

B.1.5 Example. Let U = {real numbers}. Then

[0,3]U[1,5] = [0,5]
0.31n[1,5] = [1,3
[07 3](: = (—OO, 0) U (3, +OO)
{0, 3} - [1’ 5] = [07 1)
[1’ 5] - [07 3} = (3a 5]

B.1.6 Definition. We say that A C B (A is a subset of B) iff every element of A is
also an element of B.

For example, {1,2,3} CNand {z:2% -3z +2 = 0} CN, but [1,3] Z N.

B.1.7 Theorem. (Algebra of sets): For any sets A, B,C € U,
() A=B & AC B and B C A.
(b)0C A, AC A, and AC U
() ANBC Aand ANBC B.
(d) ACAUB and BC AUB.
() AUB=AiffBC A.
() ANB=AifAC B.
(8) (AUB)° = A°N B°. (de Morgan’s law)
(h) (AN B)® = A°U B°. (de Morgan’s law)
(i) A°=U —~ A.
() U =0; and 0° =U
(k) B— A= Bn Ae.
(1) A% = A.
(m) AU(BUC)=(AUB)UC. (associative law for U)
(m) AN(BNC)=(ANB)NC. (associative law for n)
(0) AN(BUC)=(ANB)U(ANC). (distributive law)
(p) AU(BNC)=(AUB)N(AUC). (distributive law)

Proof. of (g):

Part 1: Suppose z € (AU B)°. Then z € U but z ¢ AUB. Then it
is not true that x € 4 or z € B. By de Morgan’s rule in logic, this means
z¢ Aandz ¢ B. Thatis, z € Aand z € B¢ ie., z € A°N B°. Therefore,
(AUB)° C A°n Be.

Part 2: Suppose z € A°NB¢. Thenz € A° and z B¢ e, z ¢ A and
xz ¢ B. By de Morgan’s rule in logic, this means it is not true that z € A
orz € B Thenzelbutz¢ AUB; ie, z € (AU B)°. Therefore,
A°N B¢ C (AUB)°.

By parts 1 and 2, together with Theorem B.1.1 (a), (AUB)° = A°n Be.

Proof of (o0):

Part 1: Suppose z € AN(BUC). Thenz € Aand z € BUC. Then z cA
and (z € B or ¢ € C). By the distributive law in logic [see Theorem A.1.23
(a)] this means (z € A and z € B) or (z€Aandz € C). Thatis,z€ ANB
orz € ANC. Thus,ze (ANB)U(ANC).




526 APPENDIX B. SETS AND FUNCTIONS

Part 2: Exercise 5. ]

While the above theorem summarizes the algebra of sets when only several
sets are involved, we need algebraic rules to cover situations in which many,

even infinitely many, sets are involved. The following definition and theorem
cover these situations.

B.l.‘8 Definition. (Operations on collections of sets):
Let C = {Ay : X € A} be a collection of sets, “indexed” by some set A of
" ‘“4ndices.” Then
@)NC=[)Ar={z:z €4, for every A € A}.
A€A

(b)uC = UA,\z{a::a:EA)‘forat]eastone/\GA}.
AEA

B.1.9 Example. (a) N {(~%,1+ 1)ineN}= ﬂ (& 1+ =10,1.

{, 1. y I \ neN

H ettt et > v

Y (NPEN (b)u{(—%,1+%):neN}:U(—%,1+%):(—1,2).
n&eN

Figure 2

B.1.10 Theorem. (Algebra of collections of sets): Let C = {Ay: A € A} be a
collection of sets and let B be any set. Then

(a) (ﬂ A,\> = U A5. (de Morgan’s law)

AeA AEA
(b) (U AA) = ﬂ AS. (de Morgan’s law)
AeA YN

(c) Bu (ﬂ AA> = ﬂ (BUA,). (distributive law)

AEA AEA

(d) Bn <U A)\) = U (BN A,). (distributive law)

A€A A€A

(e) B — (ﬂ A,\> = U (B — A,). (de Morgan’s law)

AEA AEA

(f) B— (U A,\) = n (B — A)). (de Morgan’s law)

AEA A€A

Proof. of (e): Let C = {4, : A € A} be a collection of sets and let B be
any set.
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Part 1: Suppose z € B— (ﬂ A,\>. Thenz € Bbutz ¢ (ﬂ A,\>. That
AeA AEA

is, z € Bbut ~VA €A, z € Ax. By “quantifier negation!”. this means = € B
but IA € A> ¢ Ay. Thatis,z € Bbut INEA >z € AS. Equivalently,
JA€eA>3zeBnAS. Equivalently, 3IA € A>z € B— A4,. But that means

z€ U (B — A,). Therefore, B — (ﬂ A>\> C U (B — Ay).
AEA A€A xeA

Part 2: Suppose z & U (B—Ay). Then3IAcA>zeB-A,. That
‘ AeA
is, INe Az € BN AS. Equivalently, z € Bbut 3IA € A 5 z € A5. By

quantifier negation, this means z € B but ~ V) € A,z € Ay. Thatis, z € Bbut

z¢ (ﬂ AA> jie,z e B—(ﬂ A,\>. Therefore, | J(B—4,) C U (B-4y.

AEA - AEA AEA AEA

By parts 1 and 2, together with Theorem B.1.1 (a), B— < ﬂ A,\> = U (B—

AEA AEA
AA) L

EXERCISE SET B.1

1. In each of the following, a universal set I/ and sets A, B, and C are given.
Find AN B, AUB, A°, B°, A - B, B—A, Au(BNC), and AN(BUC).

(&) U = {1,2,3,--. , 10}, A = {1,2,3,4,5}, B = {4,5,6,7}, and C =
{3,4,5).

(B)U ={1,2,3,--,10}, A= {1,2,3}, B = {4,5,6}, and C = {2,4,6,8, 10}.
(¢) U = {all real numbers}, A = (0,4), B = [3,6], C = (2,5).
(d) U = {all real numbers}, 4 = (—oo, 2), B =[1,40), C' = (-1,1).

- Prove Theorem B.1.7 (e).
- Prove Theorem B.1.7 (h).
. Prove Theorem B.1.7 (k).
. Finish the proof of Theorem B.1.7 (o) by proving “Part 2.”
- Prove Theorem B.1.7 (p).

~N O Ot s W N

. In each of the following, a collection of sets {Ax: X € A} is given. Assume

U = {all real numbers}. Find (7] 4,, U 4x | 45, and 45 I
X€A  xeA  2xeA AEA
each case, verify Theorem B.1.10 (a) or (b).

(@) {Ax:xeA}={(-n,n):ne N}.

1See section A.2.
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(b) {Ax: X e A} = {(~o0,n) : n e N}.
() {Ar:AeA} = {(-3, Y :ne N}.
(d) {Ax:reA}={[-2+21,2-1]:neN}.
(&) {Ax:xeA}={(n,n+1):neN}.
8. Prove Theorem B.1.10 (a).
9. Prove Theorem B.1.10 (b).
10. Prove Theorem B.1.10 (c).
11. Prove Theorem B.1.10 (d).

12. Prove Theorem B.1.10 (f).

B.2 FUNCTIONS
BASIC CONCEPTS OF FUNCTIONS

B.2.1 Definition. If A and B are sets, a function f from A to B is any rule of
correspondence which associates to each element a € A a unique element fla) €
B. The set A is called the domain of f, and the set B is called the codomain
of f. The set R(f) = {f(a) : a € A} is called the range of f. We often denote
the domain of f by D(f). The range of a function is a subset of its codomain.

The notational phrase
f:A—B

is often used as a sentence saying that “f is a function from set A4 to set B”. It
is also used as a noun, referring to “the function f from A to B.” Context will
determine which of the two uses is intended.

A function f : A — B may be viewed intuitively as an input/output relation.
To each input a € A there corresponds a unique output f(a) € B. The set of
all inputs is A, or D(f), and the set of all outputs is R{f).

Qutput = f(x)

Figure 3
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B.2.2 Definition. Two functions f : A — B and g: A" — B’ are said to be equal if
A=A B=PB,andVz € A, f(z) = g(z).

B.2.3 Definition. A function f : A — B is one-to-one (or 1-1) if Ya,a' € A,
f(a) = f(a') = a =a’. Equivalently, a # o/ = fla) # f(a).

Thus, a function f: A — B is 1-1 iff 2 no two inputs produce the same output.

B.2.4 Definition. A function f : A — B is onto B if R(f) = B.

That is, f : A — B is onto B iff every element of B is an output of f.

B.2.5 Example. The function f : R — R given by f(z) = 22 is
¢ not I-1, since f(1) =1 and f(~1) = 1;

¢ not onto R, since R(f) = [0, +c0) #R.

B.2.6 Example. The function f: R — R given by f(z) =23 is

e ]-1, since
f(a) = f(b) a®=p

ad - =0

(a—b)(@a®+ab+b?) =0

a—b=0,sincea® +ab+b>#0 (ifb #0)

a =b.

Note that the reason a® + ab+ b # 0 when b # 0 lies in the fact that
a and b are real numbers, and the discriminant of the quadratic function
9(a) = a® +ab+b% is D = b2 — 4(1)(b%) = —3% < 0.

Ly

e onto R, sinceVz € R, 3 ¥z € R andf(%/i) =z, 50 z € R(f).

B.2.7 Definition. A function f : A — B that is both 1-1 and onto is said to be a 1-1
correspondence.

B.2.8 Definition. Two sets A and B are said to have the same cardinal number
(of elements) if 31-1 correspondence f : A — B.

IMAGES AND INVERSE IMAGES OF SETS

B.2.9 Definition. Suppose f : A — B is a function and C C A and D C B. Then

F(C) ={f(z):z € C};
(D) ={z: f(z) € D}.

2For the definition of “iff” see Definition A.1.9.
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The set f(C) is called the image of C under f and the set f ~1(D) is called
the inverse image of D under f. When we write /YD) we must be careful
not to assume that f~! is a function. Sometimes /™1 is a function, but that is
a separate issue, to be discussed later.

Notice that D(f) = f~(B) and R(f) = f(A).

Xt
B.2.10 Example. Consider the function f R — R given by f(z) = 22 + 3. Let
1= C =[-1,2] and D = [0,7]. Then

£(C) = 3,7 and f-1(D) = [-2,2].
<y= ¥+3  Observe that
F=12) = f(0,2) = £ ([-2,2)) = [3,7),

O =71 (3, 7) = £ (=11, 7)) = [-2,2].

and that

.
-

3

Yx

{
t
]
I
t
}
2

PR PR

I'.‘urther, f({2}) = f({—2,2} = {7}7 while f—l({7}) = f-l({_?”oa 7} = {-2,2}.

Figure 4
B.2.11 Theorem. (Functions and sets): Suppose f : A — B is a function. Then
(a) VC1,C2 C A, f(C1UCs) = f(Cy) U f(Ca).
(b)VCy,Cs C A, f(C1NCy) C F(CO)NF(Cy). It is possible that FCiNCy) #
F(C1) N f(Cy). (See B.2.12 (b) below.)
(c) VC1,Ca C A, f(C1) — £(Cy) C f(C1~ ). It is possible that f(Cy) —
f(C2) # f(C1 —C3). (See B.2.12 (c) below.)
(d) VD1, Dy C B, fH(D1UDy) = f~(Dy) U f~(Dy).
(e)VD1,D; C B, f~Y(DyNDy) = YD) N FY(Dy).
(f) VDlaD2 c B7 f_l(Dl - D2) = f_l(Dl) - f—l(DZ)'

Proof. of (a): Suppose f: A — B is a function, and Cy,Cy C A

Part 1: Let y € f(Cy UCy). By definition, this means Iz € CiuCs >
f(z) =y. Butthen, 3z € C; 5 f(z) =y, or Iz € Cz 3 f(z) = y. That is,
y € f(C1) ory € f(Cy). Thus,y € f(C1) U f(Cy). Therefore, F(CLUCy) C
F(C1) U f(Cy).

Part 2: Let y € f(C1) U f(Ca). Theny € f(Cy)ory € f(Cy). That is,
dz € C1 3 f(z) =y, or 3z € Cy > f(z) = y. In both of these two cases,
we can say 3z € C1UC2 3 f(z) =y. Thus, y € f(C, U C3). Therefore,
F(C1) U f(Co) C F(CLUCy).

By Parts 1 and 2, together with Theorem B.1.7 (a), fF(CLUCR) = f(C)U
F(Ca).

Proof of (e) Suppose f: A — B is a function, and Dy,Dy C B.

Part 1: Let z € f~'(D; N Dy). By definition of f~!, this means f(z) €
D1 N Ds. But then, f(z) € Dy and f(z) € Dy. That is, z € f~YDy) and
z € f7N(Dy). Thus, z € f~Y(Dy) N F~L(Dy). Therefore, f~1(Dy N Dy) C
F7HD1) N fHDy).
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Part 2: Let x € f~Y(Dy)N f~Y(Dy). Thenz e f~YD;)and z € F~YDy).
That is, f(z) € Dy and f(z) € Do. But that means f(z) € DiNDy;ie., z €
FYDin Ds).

By Parts 1 and 2, together with Theorem B.1.7 (a), f7Y(D; N Dy) =
fTHD)N D). =

B.2.12 Example. Consider the function f:R — R defined by f(z) = 22 + 3. Then

(a') f((—l,O) U (0’ 2)) = f(_1’2) = (3a 7)’ and
f(=1,0)U f(0,2) = (3, U 3,7 =(3,7).

(b) f((=1,00n(0,2)) = f(0) = 0, while
f(—l,O) n f(O) 2) = (3, 4)n (3, 7= @, 4).
Note: in this case, f(Cy N Cy) # F(CY)NF(Cy).
© F(~1,1)= £(0,1)) = £(~1,0) = (3,4), while
F(~1,1) = £(0,1) = (3,4) U(3,4) — .
Note: in this case, f(Cy — Cy) # F(C1) = £(Cy).
(d) f_l ((_0073] U (2?4)) = f_l(—ooa4) = (_17 1)7 and
f—l(—ooa 3] U f—l(zv 4) = {0} U (-1, 1) = (-1, 1).
(€) 71 (=00, 3N (2,4)) = £71(2,3) = {0}, and
f*l(~ooa 3] ﬂf_1(2, 4) = {O} N(-1, 1) = {0}
(®) 171 ((=00,8] = (2,4)) = =1 ((~00,2] — [4,7)) = [-2, ~1] U [1,2], and
f_l(*oo’ 3] - f_1(2?4) = [—27 2] - (-1, 1)= [—'27 '_1] U [1’2]'

Figure 5

The following theorem generalizes Theorem B.2.11 to families of sets, even
infinitely many sets.

B.2.13 Theorem. (Functions and collections of sets): Suppose f: A — B is a
function. Then

(a) If {Cx : X € A} is a family of subsets of A, then

Q) f (U C,\) =J £(¢)) and

A€A A€A
@) f (ﬂ CA) C ) £(Cy).
AEA AEA

(b) If {Dx: X € A} is a family of subsets of B, then

(1) f! (U D,\> = J (D) and

AEA © €A

@ s (ﬂ DA) = £y

AEA AEA
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GRAPHS OF FUNCTIONS f:R—R

B.2.14 Definition. The graph of a function f : A — B, where A,B C R, is the set
of all points (z,y) in the Cartesian (rectangular) coordinate system for which
y = f(z). That is,
graph(f) = {(z, f(z) : = € D(f)}.
Thus, a function f: A — B, where 4, B C R,

¢ must pass the vertical line test:
(a) no vertical line may intersect its graph in more than one point;
(b) every vertical line which intersects the set A on the z-axis also inter-
sects its graph.

e is 1-1 iff it passes the horizontal line test: no horizonta] line may
intersect its graph at more than one point.

¢ is onto B iff every horizontal line which intersects B on the y-axis also
intersects its graph.

IS‘A/ . /\(3,
evadt, lir&/ . ‘
T 7 y=f=x
\ T horiz. like oy is
+ L\é‘;\? i€ onbo R
<1 .
1 4—\6:.)(7')(\_@: -t l x
f: ' s gt onto R / \(\\Dﬁ’" e
S
Figure 6

EXERCISE SET B.2

1. For each of the following functions f, find (the largest possible subsets of
R that could be) D(f) and R(f), and tell whether or not f is 1-1 and/or

onto R.
(@ f@)= 2-3 ®) f@) = |z|-2
(¢) flz)= V3z—14 (@ f(x)= x2ik2x+4
(© f)= () f@)=

T 241
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12,
13.

. Let f(z) =4 — z2. Find
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- Redo Example B.2.12 using the function f(z) = 4 — 22 instead of the

function given there.

- Redo Example B.2.12 using the function f(z) = 2° instead of the function

given there.

. Prove Theorem B.2.11 (b).
- Prove Theorem B.2.11 (c).
- Prove Theorem B.2.11 (d).
- Prove Theorem B.2.11 (f).
10.
11.

Prove Theorem B.2.13 (a) (1).
Prove Theorem B.2.13 (a) (2).
Prove Theorem B.2.13 (b) (1).
Prove Theorem B.2.13 (b) (2).

B.3 ALGEBRA OF REAL-VALUED FUNCTIONS

B.3.1 Definition. Let S denote an arbitrary set. Any function f: S —R is called a

real-valued function on S . We shall consider the set of all such functions,

F(S, R) = {all functions f : & —R}.

On this set F(S, R) we can define algebraic operations. In particular, we
define

(@) D(f) (b) R(f) TR
© /81 @ fioy ¢
(e) £(0,2) ) £71(0,4) N Ve
(8 24 () 4,0 R
® 0,00 () f(~00,2 |
&) {0y @ (-1}

. Let f(z) = 2*. Find
(@) D(f) (b) R(f) .
(c) f[0,1] (d)  f(-00,2) L Figure 8
(@ (0,00  (f) f[-1,1] o}
(€ fL2 () fL2.8) T
(1) f_l(ov 1) (J) f—l(—OO, O)
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(2) Addition: Vf,g € F(S, R), we define the function f+gby
specifying that Vz € S,

(f+9)(x) = f(=)+g(z).
in F(S,R) in R

(b) Multiplication by “scalars” r € R: Vf € F (S, R), and
Vr € R, we define the function rf by specifying that Vz € S,

fhe) = r-f@).
in 7(S,R) inR

(c) Multiplication : Vf,g € F(S, R), we define the function fg

by specifying that Vz € S,

(fo)@) = f(z)-g(x).
S~ S———r
in 7(S,R) in R

(d) Division : Vf,g € F(S, R), we define the function § by
specifying that Vz € S,

()
in 7(S,R) in R

Notice that —Ji is not necessarily in F(S, R), since we do not know
g
if the denominator is ever 0 without knowing the specific function

g(z). The domain of ! may be different from S.
g

(e) Absolute value: Vf € F(S, R), we define the function If]
by specifying that Vz € S,

Ifl (@) = |f(=)
~— =
in F(S,R) inR

(f) Maximum: Vf, g € F(S, R), we define the function max{ f, g}
by specifying that Vz € S,

max{f,g}z) = max{ f(z), g(z)}.
in 7(S,R) in R

(g) Minimum: Vf, g € F(S, R), we define the function min{f, g}
by specifying that Vz € S,

min{f,g}(z) = min{f(z),g(z)}.
in F(S,R) inR
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B.3.2 Example. Consider the functions fr9 € F(R,R) given by f(z) = 3z + 2 and
g9(z) = :1:%—1 ThenVz € R,
(&) (7 +9)(@) = f(o) +9(a) =30 4 2+ L
(b) 2f(x) = 2(3z + 2) = 6z + 4.
©) ()(e) = F(wlgte) = o-+2) (715) = 222
(d) |fl(z) = |f(z)| = |3z + 2|.
(e) max{f,g}(z) = max {3.2 +2, ;i—Q}, for example, max{f,g}(0) = 2

and max{f,g}(~1) =~

(f) min{f, g}(z) = min {3$ + 2, x—i—Q}, for example, min{f, g}(0) = —%
and min{ f, g}(-1) = ~1. :

B.3.3 Theorem. (Algebra of functions) Let S denote an arbitrary nonempty set.
Then F(S, R), together with the operations (a) - (c) specified in Definition
B.3.1 above, satisfies the following properties:

(2)Vf,g € F(S,R), f+g € F(S, R);

(b)Vf,9:h € F(S,R), f+(g+h) = (f +g)+h;
(©)Vf,9€F(S,R), f+g=g+ f;

(d) 36 € F(8,R) 5 Vf € F(S, R), f+0=0+f=7f;
(e)Vf € F(S,R),3 ~ fe F(S,R) > f + (—f) = ©;
OVf e F(S,R),reR, rf F(S, R);

(g)Vf, g€ F(S,R),VrekR, ™(f+g)=rf+rg;
(B)Vf € F(S,R),Vr,s€R, (r+5)(f) =rf +sf;
() Vf € F(S,R),Vr,seR, r(sf) = (rs)f = s(rf);
()VfeF(S,R), 1f = f;

(k) Vf,g € F(S, R), fg € F(S, R);

() Vf g, h € F(S, R), f(gh) = (fo)h;

(m) Vf,g G'F(S7 R): fg:gf;

() ¥f,g,h € F(S,R), flg+h) = fg+ fh;

Proof. (a) Let f,g € (S, R). By Definition B.3.1 (a), f+g€F(S,R).
(b) Let f,g,h € F(S, R). Then, Vz € S,

[f + (g + h))(z) F(@)+(g+h)(z)  bydefnof f+(g+h)
f(z) +[g(z) + h(z)] by defnofg+h

[f(z) + g(z)] + h(z)] by axiom (A2) of R

(f + 9)(=) + h(2) by def'nof f +g

[(f +9) + h)(z) by def'n of (f +g) + h

Thus, by Definition B.2.2, f + (g +h) = (f + g) + h.
(c) Exercise 5.
(d) Define the function © € F(S, R) by the rule

[ | I T T
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Vre S, 0(z)=0eR.
Let f € F(S, R). Then, Vz € S,

©+f)(z) = O@)+f(z) bydefnof®+ f
= 0+ f(z) by def’n of the © function
= f(z) by axiom (A3) of R

Thus, by Definition B.2.2, © + f = f. Also, f +© = f, by part
(c) above.

(e) Exercise 6.

(f) Exercise 7.

(g) Exercise 8.

(h) Let f,€ F(S, R) and r,s € R. Then, Yz € S,

[(r + 3) f](=) (r+s)- f(z) by def'n of (r + s) f

T f(z)+s- f(z) by axiom (D) of R
(rf)(x) + (sf)(z) by def’n of rf and sf
(rf+sf)(=) by def'n of rf + sf

Thus, by Definition A.6.2, (r + s)f = fr + sf.
(i) Exercise 9.

(j) Exercise 10.

(k) Exercise 11.

(1) Let f,g,h € F(S, R). Then, Vz € S,

[f(gh)](=) f(z) - (gh)(z) by def’n of f(gh)
f(z) - [g(z) - h(z)] by def’n of gh

[f(z) - g(z)] - h(z) by axiom (M2) of R
(F9)(z) - h(z) by def’n of fg
[(f9)hl(z) by def’n of (fg)h

Thus, by Definition B.2.2, f(gh) = (fg)h.
(m) Exercise 12.
(n) Exercise 13. m

o

([ | T

Students who have had a course in linear algebra will observe that Properties
(a) - (j) say that F(S, R), together with the addition and multiplication by
“scalars” in Definition B.3.1, is a vector space. Students who have also had
a course in abstract algebra will observe that properties (a) - (e) and (k) - (n)
say that F(S, R), together with the addition and multiplication in Definition
B.3.1, is a commutative ring. They may be interested in proving that Fi (S,
R), together with the addition and multiplication in Definition B.3.1, is not an
integral domain.

Properties (a) - (n) taken together, say that F (S, R), together with the
addition, multiplication by “scalars”, and multiplication in Definition B.3.1,is
a commutative algebra. This may perhaps be a new algebraic term for you.
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COMPOSITE FUNCTIONS AND INVERSES

B.3.4 Definition. If f: A— B and g: B — C, then the composite function go f
is defined by the rule

(90 F)(=) = 9(f(z)).

The following schematic diagram may be helpful in giving an intuitive un-
derstanding of g o f:

Figure 9

BEWARE! Notice the reversal of orientation: in the schematic drawing,
the function f is drawn to the left of g, but in the composite function notation
go f, g is written to the left of f. When the composite function g o f operates
on the element x, f operates first and then g operates on the result, despite the
fact that when we write “go f” we write ¢ first. Care must be exercised to avoid
confusion.

ALSO, BEWARE: In general,

fog#gof,
although sometimes they are equal.
B.3.5 Example. For the functions f (z) =3z +2 and g(z) = 5.1_27
(gof)(=) =93z -2) = ! whereas
9ol =g T @12 -2 3
1 1 2¢ —1
oo =1 (;55) =3 (5) v2=20

In this example, fog # go f.

B.3.6 Theorem. Composite functions obey the associative law. That is, if f: A —
B,g:B—C,and h:C — D, then

ho(gof)=(hog)o .

Proof. Suppose f: A— B,g: B— C, and h: C — D. Then Vz € A,
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[ho(fog)](z) hi(go f)(=)] by def'nof ho(go f)
hlg(f(=))] by def'nof go f
(hog)lf(z)] by def'nof hog
[((Rog)o fl(x) by def'nof (hog)of

Thus, by Definition B.2.2, ho (g o f)=(hog)of. =

o

B.3.7 Theorem. Suppose f: A — B and g:B—-C.
(a) If f and g are both 1-1, then so is g o f.
(b) If f and g are both onto, then so is gof.
(c) If f and g are both 1-1 correspondences, then so is g o f.

Proof. Exercise 14. =

B.3.8 Definition. Let A denote an arbitrary set. The identity function on A is
the function is : A — A defined by the rule

Vo€ A, ia(z) =z
Note: The identity function is a 1-1 correspondence.

B.3.9 Theorem. Let A and B denote an arbitrary sets. The identity function on A,
ia:A— Aandip: B — B satisfy the following rules:
(8)Vf:A—B, fois=f;
(b)Vg:B — A, igog=yg.

Proof. Exercise 15. m

B.3.10 Theorem. Suppose f: A — B.
(&) If3g: B—>C>go fis I-1, then f is 1-1.
(b) If3h:D — A> fohisonto B, then f is onto B.

Proof. (a) Suppose 3g: B—-C 3go fis1-1. Let a #a'in A. Since go f
is 1-1,

(9o f)(@) # (g0f)(@); which means that
9(f(@)  # g(f(a)).

This cannot happen unless f(a) # f(a’ ). Therefore, f is 1-1.

(b) Suppose 3h: D — A5 fohis onto B. Let b € B. Since fohisonto
B,3d € D> (foh)(d) =b. Let a = h(d). Then a € A and f(a) = f(h(d)) = b.
That is, V b € B, b € R(f). Therefore, f isonto B. =

B.3.11 Definition. Suppose f : A — B. If3 function g: B — A > go f =i, and
fog=ip, then we say that f is invertible, and we say that the function gis
the inverse function of f. In symbols, '

g=f"1
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Theorem. A function f : A — B is invertible iff [ is 1-1 and onto B (that
is, f is a I-1 correspondence). Moreover, if g = f~1, then f=gL

Proof. First, the = direction. Suppose f : A — B is invertible. Then 3
function g : B - A > gof =i, and fog =ip. Since iy is 1-1, Theorem
B.3.10 (a) says that f is 1-1. Since ip is onto B, Theorem B.3.10 (b) says that
f is onto B.

Next, the <= direction. Suppose f: A — B is 1-1 and onto B. Let b € B.
Since f is onto B, 3a € A > f(a) = b. Moreover, since f is 1-1, there is no
more than one such a. Define

g9(b) = a.

Then Va € 4, (go f)(a) = g(f(a)) = g(b) = a = ia(a). Also, Vb € B,
(f 29)(b) = £(g(b)) = F(a) = b = ip(5). That is, go f = iy and fog = ip.
Therefore, by Definition B.3.11, f is invertible.

Finally, the proof of g = f~! = f = g1 is Exercise 16. m

B.3.13 Corollary. If f: A — Bisa I-1 correspondence, sois f~1: B — A

Proof. Apply Theorem B.3.10. m

EXERCISE SET B.3

L. Let f(z) =2z+1 and g(z) = @2—1. Find (f +9)(z), (f - 9)(2), f(z+2),
1) +2, o(z+2), 9(z) +2, 3/(z), £(3), 39(a), 9(3c), (o) (x), (g) (@),
1£1(2), max{f, g} (), min{f,g}(), (f o g)(z), and (g0 f)(z).

2. Repeat Exercise 1 with f(z) =

z 3

e and g(z) = o

3. For each of the following functions, f, find D(f) and R(f), and tell
whether f is 1-1:

(@ flz)= 7z+8 () flzg)= Vz+1
(© fl@)= Va?2-1 (d) flz)= lng

(€) flz)= e° @ f@)= —
() f(z)= sinz (h) flz)= 2%+2

4. Which of the functions given in Exercise 3, viewed as F:D(f) — R(f),
are invertible. Find f~! where possible.

5. Prove Theorem B.3.3 (c).
6. Prove Theorem B.3.3 (e).
7. Prove Theorem B.3.3 (f).
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* 8. Prove Theorem B.3.3 (g).
9. Prove Theorem B.3.3 (i).
10. Prove Theorem B.3.3 (j).
11. Prove Theorem B.3.3 (k).
12. Prove Theorem B.3.3 (m).
13. Prove Theorem B.3.3 (n).
14. Prove Theorem B.3.7.
15. Prove Theorem B.3.9.

16. Finish proving Theorem B.3.12, by proving that g = f~! = f = g~ 1.




