Chapter 4

The Tangent Space

In this chapter we study the vector space tangent to the trace of a regular
patch at a particular point.

4.1 Tangent Vectors and Directional Deriva-
tives

In order to distinguish between vectors with same magnitude and direction
but different initial points, we make the following definition:

Definition 61 Let p €R". A tangent vector to R" at p, denoted by vy, s
an ordered pair (v,p) where v €ER™. The vector v is called the vector part;
the point p is called the point of application of vp. Two tangent vectors vy
and wq are equal if and only if v.=w and p = q.

Note that v, can be thought of as an arrow from point p to the point
p + v; however, we are not free to translate v, to some other arbitrary po-
sition. Since vy, is as a 2n-tuple, another way to think of v, is as a vector in
R*". Now let R? = {vp, | v €R"} denote the set of all tangent vectors at p
and define addition and scalar multiplication in R} as follows:

Vp+wp = (V+Ww),

and
Avp = (Av),,.
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Thus we add and scalar multiply in the first n components only; the last n
coordinates are always the components of p. Then R} with this addition and
scalar multiplication is a vector space isomorphic to R".

Definition 62 Letp €R". The tangent space of R" at p is the n-dimensional
vector space
RY = {vp | v €R"}.

Define the Euclidean inner product in R} by
Vp @ Wp =V eW.
When n = 2 define the complex structure J on ]Ri by

J(vp) = [J(V)],-
And when n = 3 define the cross product on ]R‘:; by

Vp X Wp = (VX W)_.
Then all facts and identities that hold for the Euclidean inner product and
the cross-product hold in the tangent space at p.

Definition 63 Let v €R" be a non-zero vector, let u :HVTH and let f: R" —

R be a real-valued differentiable function. The directional derivative of f in
the direction of v at point p €R™, denoted by Dy(f)(p), measures the rate of

change of f along the line p+tu at the instant t = 0 and s defined by

Du(f)(p) =i LPHWIRL Ly

t=0

Thus, given a tangent vector vy, the directional derivative D, (—)(p) is a
function that assigns a real number to each real-valued differentiable function.
We shall think of a tangent vector v, as a kind of directional derivative.

Definition 64 Let v, € R} and let f : R" — R be differentiable. Then vy
acts on f in the following way:

vo ] =t HPHIZIR) Ly

t=0
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Note that vy, [f] differs from Dy (f)(p) to the extent that Dy(f)(p) de-
pends only on the direction of v and not its magnitude. This important
difference is clarified by the next lemma, which is important in computa-
tions:

Lemma 65 Let v, € R} and let f : R" — R be differentiable. Then

vplfl=Vf(p)ev.
Proof. By the chain rule,

L p+1v)] = VI (D) o (p41v) =V f(pHv) o .

Evaluating at ¢ = 0 gives the result. B

If t = ||v]|, then v =tu and

Vo [f] = Vf(p) e v =V [f(p)etu =tDy(f)(p).

Exercise 4.1.1 Let f,g: R" — R be differentiable. If v, € R} and A\, p € R,
show that:

L vp [Af + pgl = Avp [f] + pvp [g]

2. vplfgl=vp[flg(P)+ [ (P)Vp 9]

3. vp[l/g] = —vp 9]/ [g (P)]”

4. vy [f/gl = {vp 19 (P) = f (P) vu [g}/ [9 (P)]*-

4.2 Tangent Maps

In this section we analyze the precise relationship between a tangent vector
at a point p in R? and an important related tangent vector at the point
q = x (p) on the trace of a patch x : R? — R3. This relationship is critical
to understanding the local curvature of a patch. Although we work almost
exclusively with patches x : R? — R3, much of this discussion generalizes
directly to differentiable maps F': R® — R™.
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Definition 66 Let U be an open subset of R%, letp €. Letx : U — R3 be a
patch and let = x (p). The tangent map of x at p is the map X, : Rf) — Rf;

defined by
t=0> q '

The composition x(p+tv) is a parametrized curve passing through q at
time ¢ = 0; its derivative is the velocity at time ¢. So x, (vp) is the tangent
vector at q whose vector part is the velocity of the curve x(p+tv) at time
t = 0. In particular, x(p+te;) is the first coordinate curve passing through
q at time ¢t = 0. From our earlier calculations in Chapter 3 (see 3.1), the
derivative at time ¢ = 0 is x,, (p) . Therefore

x.(vp) = (g Ix(ov)

x. [ (e1),] = b (p)]

and similarly

x. [(e2),] = b (Pl

Theorem 67 Let U be an open subset of R?, let p €U, and let x : U — R3
be a patch with q = x(p). If x=(f,g,h) then

x:(Vp) = (vp [f]. vp[g], vp [h])q'

Proof.

x.(v) = (5 ixtorv)

t—O) q

: % [h(p+tv)]

t—()) a

t=0

Corollary 68 Let U be an open subset of R?, let p €U, and let x : U — R3
be a patch with q = x (p). Then the tangent map x, : R2 — R, is linear.

Proof. Left to the reader. W
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Example 69 Define x : R? — R3 by x(u,v) = (uv,u® +v?,u —v). Let us
describe the tangent map at the point p = (2,1). Let (x,y) be the vector part

of a general tangent vector vp; note that @ =x(p) = (2,5,7). By Theorem
67

X (($7y)p> = (vplun],vp [“ "H’} Vp [u3_v})(2,5,7)
= (V l2.1) ov, V (u’ +U)‘(2,1)"”V(u3_v)‘(271).v>

= ((1,2) v, (4,2) 0¥, (12,-1) V)5
(x + 2y, 4x + 2y, 122 — y)(2,5,7) ;

(2,5,7)

which is a linear bijective map from the tangent space at p = (2,1) to the
tangent space at q = (2,5,7).

We have defined x,.(vp) to be the tangent vector whose vector part is
L [x(p+tv)] | .o and whose point of application is q = x(p). Given a tangent
vector vy, let 3(t) = p+tv and observe that 3(0) = p and 8'(0) = v. Thus

x.(vp) = [(x08) (0] (4.1)

More generally, let € > 0 and let a :(—¢,e) — U be any curve for which
a(0) = p and &/(0) = v. The next theorem says that formula (4.1) holds for
general curves a as well.

Theorem 70 Let U be an open subset of R? and let p €U. Let x : U — R3
be a patch and let q = x (p). Let vy, € R%, let € > 0, and let o :(—¢,e) — U
be any curve such that a(0) = p and &/'(0) = v. Then

X« (Vp) = [(x oa) (0)}q )
Proof. Proof: Left to the reader. B

The lesson to be learned here, is that the tangent map pays no attention
to the curve “carrying” the tangent vector vp. All that matters is that at
the instant ¢ = 0, the curve have velocity v and position p. So we are free to
choose the curve most convenient for our immediate purposes.

If L:V — W is a non-injective linear map of vector spaces, then L (v) =
0 for some v # 0. To see this, note that if v # vo, then v = v; —vy # 0. So if
L (vy) = L(vy) and vy # vo, then L (v) = L (v —va) = L (v1)—L (v2) = 0.
We say that v lies in the kernel of L, denoted by ker (L), if and only if
L(v)=0.
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Theorem 71 Let U be an open subset of R* and let p €U. Let x : U — R3
be a patch and let = x (p) . Then the tangent map X, : Rf) — ]Rf; 18 1njective
if and only if rank[J (x)(p)] = 2.

Proof. Let v, € R and let x = (f, g, h). If v, € ker(x,) then by Theorem
67 we have vy, [f] = vp [g] = Vvp [h] = 0. By Lemma 65, Vf(p) e v =Vg(p) e
v = Vh(p) e v =0. Hence

VITX)(p) =[VI[VI(P) [ Vg(p) [ VA(P)] = (4.2)

o O O

Now if x, is not injective, there exists some non-zero vy, € ker(x,). Evaluating
equation (4.2) at the vector part v = (a,b) # 0 of this tangent vector gives

_ x.(p) | _
0=la 8] | 32V | = ax. )+, ()

which says that x,(p) and x,(p) are linearly dependent; equivalently,
rank(J (x)(p)) < 2 by Lemma 56. Conversely, if the rank(J(x)(p)) < 2,
one can reverse the argument above to obtain a non-zero tangent vector
vp € ker(x.), in which case x, fails to be injective. W

Example 72 In Ezample 69 we considered the function x(u,v) = (uv,u® +
v ud —v). At the point p = (2,1) we determined that

Xk (('r7 y)p) - ('r + 2y’ 4x + 2y’ 121‘ o y)(27577) !

where (x,y) is the vector part of vp. This tangent map is clearly injective,
but let’s compute the rank of the Jacobian of x at p to confirm this:

J(x)=[V(zy) | V(@®+ ) | V (2* —y)] = l;yc Zz 3_:612 1
hence
puge-[y 5 B

Note that the first two rows are linearly independent since det [ ; ;l } =
—6 # 0. Therefore J(x)(2,1) has rank 2.
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Let s be some subset of R™. It will be necessary to discuss families of tan-
gent, vectors whose points of application range over the points in s. Roughly
speaking, such a family is called a “tangent vector field” on s. Let U be an
open subset of R". From now on, all “differentiable” real-valued functions
f:U — R will be assumed to have derivatives of all orders.

Definition 73 Let U be an open subset of R™. A wvector field V on U is a
function that assigns to each point p € U a tangent vector V(p) € Ry. If
f U — R is differentiable, V acts on f in the following way:

The vector field V' is said to be differentiable if and only if V|f] : U — R is
differentiable.

Exercise 4.2.1 Prove Lemma 11.12 in the text.

Definition 74 For each i =1,...,n, define the i*" standard coordinate vec-
tor field U; on R™ by

Ui (p) = (ei)y -
Taken together, the family of standard coordinate vector fields {Uy,...,U,}
on R™ is called the natural frame field of R™.

Definition 75 The natural coordinate functions on R™ are the functions u; :
R™ — R defined by

ui(p) =pi
where p =(p1,...,pn). When n = 1,2, or 3 we often denote the natural co-
ordinate functions by {t}, {u,v}, or {z,y,z}, respectively.

4.3 The Tangent Space

We begin with some notation. Let {Uy,...,U,} be the natural frame field
on R". Let U be an open subset of R", let p €U, and let f : U/ — R be
differentiable. Then

) [/]-

P

Ui)If) = (e)olf) = VI (B)we, = 50(p) - (aa
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The symbols % and U; will be used interchangeably. Thus % = (€;)p-
1 1 p

In particular, if ¢/ is an open subset of R?, p €U, x :Ud — R? is a patch and
q = x (p) we have

X g
* aup

If (z,y)p € RZ, then

) = (xu(p))q and x, (% ) = (Xv(p))q- (4.3)

p

0
+y%

0
(2, y)p = [rey + yeQ]p = (el)p +y (e2)p - Ou
1Y

p

By the linearity of x, and 4.3 we have

X, ((w,y)p) = TX (a% p) +yx, (a%

So 4.3 tells us that the vector part of tangent vector x,(vp) € R? lies in the
2-plane tangent to the trace of x at q = x(p).

> =2 (Xu(p>>q + Yy (Xv(p))q‘

p

Theorem 76 Let U be an open subset of R?, let p €U, and let x :U — R3 be
a patch with q = x (p). Then x is regular at p if and only if x, : R — R}
18 1njective.

Proof. By Theorem 71x, : R2 — R3 is injective if and only if rank(J (x)(p)) =
2. By definition, x is regular if and only if rank (J(x)(p)) =2. B

Theorem 76 tells us that a regular patch x admits a 2-dimensional vector
space of tangent vectors at each of the point in its image.

Definition 77 Let U be an open subset of R?, let p €U, let x :U — R? be
a reqular patch, and let @ = x(p). The tangent space to x at q, denoted by
x(U)q, is the image of x, : R — R2.

Here is an example of a patch x that fails to be regular at p; we observe
that no tangent plane exists at the point q = x(p).
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Example 78 Define a patch x :R? — R3 by

x(u,v) = (v, u?,v).
The trace of x is the vertical cylinder generated by the semi-cubical parabola
(u?,u3,0) in the xy-plane; it has two leaves that meet at a crease along the
z-axis. Hence at each point along the z-axis, the trace of x can have no
tangent plane. The following simple calculation bears this out:

X, = (2u, 3u?,0) and x, = (0,0, 1).

Note that the z-axis is the coordinate curve x(0,v) = (0,0,v), where v € R.
So x,(p) = (0,0,0) at each point p whose image lies on the z-axis; it follows
that x,(p) and x,(p) are linearly dependent and fail to span a 2-plane tangent
to the trace of x at x(p) on the z-axis.

In the discussion above we observed that if x,(p) and x,(p) are linearly
independent, they span the tangent space at the point q = x(p). Whenn = 3,
the cross product x,(p) X x,(p) is normal to the trace of x at q; by letting
p range over U, this cross product defines a unit normal vector at each point
q on the trace of x.

Definition 79 Let U be an open subset of R? and let x U — R3 be a reqular
patch. The unit normal vector field (or surface normal) U on x(U) is defined

N () x x,(p)
x.(p) X X,(p
l Lc(p),

V)= | ) < )]

where p €U.

Since a patch is regular at p if and only if x,(p) and x,(p) are linearly
independent, the unit normal vector field U is defined at each point on the
trace x(U).

Definition 80 LetU be an open subset of R? and let x :U — R? be a reqular
patch. Let S? denote the unit 2-sphere in R3. The Gauss map of X
U:U— S?
is defined by U(p) = {the vector part of U(p)}.
Note that the Gauss map U already appeared in our discussion of surface
area in chapter 3. We’ll use the derivative of the Gauss map to measure the

“curvature” of a patch in much the same way that we used the derivative of
the unit tangent to measure the curvature of a regular curve
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