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Tensor Products of A-infinity Algebras

@ Let K = LUK, denote the associahedra
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Tensor Products of A-infinity Algebras

@ Let K = LUK, denote the associahedra
@ Let A and B be Ax-algebras

@ The S-U diagonal on cellular chains

induces an Ac-algebra structure on A® B as follows:
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Tensor Products of A-infinity Algebras

@ Operadic representations of Aw-algebra structures
¢, C.K — Hom (A®”,A)

¢, CGtK — Hom (B®”, B)
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Tensor Products of A-infinity Algebras

@ Operadic representations of Aw-algebra structures
¢, C.K — Hom (A®”,A)
¢, CGtK — Hom (B®”, B)

@ Define the representation

Pn
C.K  ———  Hom ((A®3)®”,A®B)
Ak | T~

CKeGK 2% Hom(A®" A)® Hom (B®", B)
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Cyclic A-infinity Algebras

e A cyclic Ax-algebra (A, u) is equipped with a cyclically invariant
inner product:

(u, (a1, ..., an) ans1) = (4, (a2, ..., ans1), a1)
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Cyclic A-infinity Algebras

e A cyclic Ax-algebra (A, u) is equipped with a cyclically invariant
inner product:

@ Given cyclic Ax-algebras A and B, consider the A-algebra
(A® B, ¢) and the inner product

(alb, C|d>A®B =(a,c)a (b d)g
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Cyclic A-infinity Algebras

e A cyclic Ax-algebra (A, u) is equipped with a cyclically invariant
inner product:

@ Given cyclic Ax-algebras A and B, consider the A-algebra
(A® B, ¢) and the inner product

(alb, C|d>A®B =(a,c)a (b d)g

o Is (—, —) app Ccyclically invariant?
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Tensor Product of Cyclic A-infinity Algebras

@ The differential and product are cyclically invariant:
(¢, (alb) . c|d) = (¢, (c|d), a|b)

(¢, (alb, c|d)  elf) = (@, (c|d, e|f) , a|b)
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Tensor Product of Cyclic A-infinity Algebras
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Tensor Product of Cyclic A-infinity Algebras

@ The differential and product are cyclically invariant:
(¢, (alb) . c|d) = (¢, (c|d), a|b)
(¢, (alb, c|d) , e[f) = (@, (c|d, e[f), a|b)

@ But the associator @5 is not

o There is a chain homotopy 0,,: (A® B)®* — R such that

(Qz,o O991) (alb, c|d, e|f, g|h) =

(3 (alb, c|d e|f), g|h) — (95 (c|d el|f g|h), alb)
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Tensor Product of Cyclic A-infinity Algebras

@ 0, extends to an infinite family of higher homotopies {Qk,/}

Ron Umble, speaker Tensor Products of HIPs April 9, 2011 6 /27



Tensor Product of Cyclic A-infinity Algebras

@ 0, extends to an infinite family of higher homotopies {Qk,/}

o A® B is cyclic up to homotopy

Ron Umble, speaker Tensor Products of HIPs April 9, 2011 6 /27



Tensor Product of Cyclic A-infinity Algebras

@ 0, extends to an infinite family of higher homotopies {Qk,/}
o A® B is cyclic up to homotopy

@ Structure relations are controlled by contractible pairahedra

Ron Umble, speaker Tensor Products of HIPs April 9, 2011 6 /27



Tensor Product of Cyclic A-infinity Algebras

@ 0, extends to an infinite family of higher homotopies {Qk,/}
o A® B is cyclic up to homotopy
@ Structure relations are controlled by contractible pairahedra

@ We construct a diagonal A¢ on cellular chains of pairahedra
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Tensor Product of Cyclic A-infinity Algebras

0, o extends to an infinite family of higher homotopies {Qk,/}

A® B is cyclic up to homotopy

Structure relations are controlled by contractible pairahedra

We construct a diagonal A¢ on cellular chains of pairahedra

Ac induces a homotopy inner product (HIP) structure on A® B
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A-infinity Algebras with HIPs

o An Ax-algebra A with HIPs is equipped with “compatible” module
maps ‘
Ak A @ AR A% — A

and HIPs .
Qi ADAY QAR ATK — R
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A-infinity Algebras with HIPs

o An Ax-algebra A with HIPs is equipped with “compatible” module
maps ‘
Ak A @ AR A% — A

and HIPs .
Qi ADAY QAR ATK — R
@ Structure relations are encoded by a 3-colored operad C,A

@ There is a cubical subdivision Q.A as in B-V's W-construction

@ Serre's diagonal on /" induces a coassociative diagonal
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A-infinity Algebras with HIPs

@ There is a chain homotopy equivalence g : C,A— QA
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A-infinity Algebras with HIPs

@ There is a chain homotopy equivalence g : C,A— QA
@ With two-sided homotopy inverse p : Q,A— C.A
@ Ag induces a non-coassociative diagonal

CCGA -5 QAL QAR QAR C AR CA
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Tensor Product of HIP Structures

@ Operadic representations of HIP structures
¢, : C.A — Hom (A®", A)

Y, GcA — Hom (B®”, B)
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Tensor Product of HIP Structures

@ Operadic representations of HIP structures
¢, : C.A — Hom (A®", A)

Y, GcA — Hom (B®”, B)

@ Define the representation

€n

CCA  ———  Hom ((A@B ®”,A®B)

Ac | Ta

CA®CA " Hom (A®", A) @ Hom (B®", B)
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The 3-colored operad CA

C. A is genrated by three types of planar diagrams
Colors: Empty, thin, thick

1. Planar trees: Control Ay-algebra structure

- Thin leaves and root
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The 3-colored operad CA

2. Module trees: Control homotopy bimodule structure
- Thick vertical root and leaf
- j thin leaves in left half-plane
- k thin leaves in right half-plane
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The 3-colored operad CA

3. Inner product diagrams: Control HIP structure
- Empty root and two thick horizontal leaves
- j thin leaves in upper half-plane

- k thin leaves in lower half-plane

Ron Umble, speaker Tensor Products of HIPs April 9, 2011 12 /



Operadic Structure of CA

@ Compose planar trees in the usual way

Ron Umble, speaker Tensor Products of HIPs April 9, 2011 13 / 27



Operadic Structure of CA

@ Compose planar trees in the usual way

@ Compose a module diagram M with a planar tree T by
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Ron Umble, speaker Tensor Products of HIPs April 9, 2011 13 / 27



Operadic Structure of CA

@ Compose planar trees in the usual way

@ Compose a module diagram M with a planar tree T by
attaching the root of T to a thin leaf of M

@ Compose module trees by
attaching thick root of 27 to thick leaf of 15t
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Operadic Structure of CA

Compose planar trees in the usual way

@ Compose a module diagram M with a planar tree T by
attaching the root of T to a thin leaf of M

@ Compose module trees by
attaching thick root of 27 to thick leaf of 15t

@ Compose an IP diagram | wth a module tree M by
attaching thick root of M to a thick leaf of /
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Operadic Structure of CA

Compose planar trees in the usual way

@ Compose a module diagram M with a planar tree T by
attaching the root of T to a thin leaf of M

@ Compose module trees by
attaching thick root of 27 to thick leaf of 15t

@ Compose an IP diagram | wth a module tree M by
attaching thick root of M to a thick leaf of /

@ Two inner product diagrams cannot be composed
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DG Module Structure of CA

o L (D) = {Leaves of D}
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DG Module Structure of CA

o L (D) = {Leaves of D}
e £ (D) = {Edges of D}

o Degree: |D|:=#L(D)—#E(D)—-2
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DG Module Structure of CA

o L (D) = {Leaves of D}
e £ (D) = {Edges of D}
o Degree: |D|:=#L(D)—#E(D)—-2

e Boundary: d¢(D):= Y D
D'/e=D

where e is an edge of D’
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Coloring in CA

@ 0 = empty; 1 = thin; 2 = thick
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Coloring in CA

@ 0 = empty; 1 = thin; 2 = thick

@ The coloring of a diagram D with n leaves is a pair
xXy=(x1,...,x) Xy €Z5

- x; is the color of leaf /

- y is the color of the root

Ron Umble, speaker Tensor Products of HIPs April 9, 2011 15 / 27



Coloring in CA

@ 0 = empty; 1 = thin; 2 = thick

@ The coloring of a diagram D with n leaves is a pair
xXy=(x1,...,x) Xy €Z5

- x; is the color of leaf /

- y is the color of the root

o C.A} is generated by diagrams of coloring x X y
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Coloring in CA

@ 0 = empty; 1 = thin; 2 = thick

@ The coloring of a diagram D with n leaves is a pair
xXy=(x1,...,x) Xy €Z5

- x; is the color of leaf /

- y is the color of the root

C.A} is generated by diagrams of coloring x X y

Example: C,All""l is generated by planar trees
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C.A}'?? is generated by faces of the pairahedron h g:

Y.
v N

N Y
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The 3-Colored Operad QA

e Q.A is generated by all metric diagrams (D, g), where
- D is a generator of C,A
- g : £ (D) — {m, n} labels the (internal) edges of D
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The 3-Colored Operad QA
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Ron Umble, speaker Tensor Products of HIPs April 9, 2011 17 / 27



The 3-Colored Operad QA

e Q.A is generated by all metric diagrams (D, g), where
- D is a generator of C,A
- g : £ (D) — {m, n} labels the (internal) edges of D

o Composition: Label the new edge non-metric

o Degree: |(D,g)|:= # metric edges

Ron Umble, speaker Tensor Products of HIPs April 9, 2011 17 / 27



The 3-Colored Operad QA

Q.A is generated by all metric diagrams (D, g), where

- D is a generator of C,A
- g : £ (D) — {m, n} labels the (internal) edges of D

o Composition: Label the new edge non-metric

o Degree: |(D,g)|:= # metric edges

Boundary: dg(D):= Y D/e+ D,

metric eCD

where D, is obtained from D by relabeling e non-metric
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Example

The cubical subdivision of ko (metric labels displayed):
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The Homotopy Equivalence g : CA —> QA

o Let m denote the constant map m(e) = m
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The Homotopy Equivalence g : CA —> QA

o Let m denote the constant map m(e) = m

@ Define g on a corolla ¢ € C.A] by

glc)= ) (B.m)
(binary) Be Co. A%

Ron Umble, speaker Tensor Products of HIPs April 9, 2011 19 /27



The Homotopy Equivalence g : CA —> QA
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The Homotopy Equivalence g : CA —> QA

Let m denote the constant map m(e) = m
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The Homotopy Equivalence g : CA —> QA

Let m denote the constant map m(e) = m

Define g on a corolla ¢ € C.A] by

glc)= ) (B.m)
(binary) Be Co. A%

Extend multiplicatively to o;-compositions

g(coic’)=q(c)oiq(c)

A general diagram is a composition of corollas

@ g is a chain map
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The Poset of Binary Diagrams in CA

@ Extend the Tamari ordering on binary trees to binary diagrams
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@ Extend the Tamari ordering on binary trees to binary diagrams
@ B is the poset of all binary diagrams
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Ron Umble, speaker Tensor Products of HIPs April 9, 2011 20 / 27



The Poset of Binary Diagrams in CA

@ Extend the Tamari ordering on binary trees to binary diagrams
@ B is the poset of all binary diagrams
@ Bp C B is the vertex poset of a face D

Y

Bh,: e Y

A /4

@ Bp has minimal element Dy,;, and maximal element Dy ax
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The 2-Sided Homotopy Inverse p : QA —> CA

e Define p on a fully metric diagram (D, m) € QA by

p(Domy= 3}, S
SECk.A
5‘maxSDmin
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The 2-Sided Homotopy Inverse p : QA —> CA

e Define p on a fully metric diagram (D, m) € QA by

p(Domy= 3}, S
SECk.A
5‘ma><§Dmin

@ A metric diagram is a o;-composition of fully metric diagrams
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The 2-Sided Homotopy Inverse p : QA —> CA

e Define p on a fully metric diagram (D, m) € QA by

p(Domy= 3}, S
SECk.A
5‘ma><§Dmin

@ A metric diagram is a o;-composition of fully metric diagrams

o Extend multiplicatively to oj-compositions

p [(D m) o; (D’, m)] =p(D,m)o;p (D', m)
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The 2-Sided Homotopy Inverse p : QA —> CA

Proposition:

@ On a corolla: p(c) = cmin € Be
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The 2-Sided Homotopy Inverse p : QA —> CA

Proposition:

@ On a corolla: p(c) = cmin € Be

@ On a fully metric binary diagram:

if B = cmax for some corolla ¢

Cy
p(B. m) o { 0, otherwise
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The 2-Sided Homotopy Inverse p : QA —> CA

Proposition:
@ On a corolla: p(c) = cmin € Be
@ On a fully metric binary diagram:

if B = cmax for some corolla ¢

Cy
p(B. m) o { 0, otherwise

@ pis a chain map
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The 2-Sided Homotopy Inverse p : QA —> CA

Proposition:

@ On a corolla: p(c) = cmin € Be

@ On a fully metric binary diagram:

if B = cmax for some corolla ¢

Cy
p(B. m) o { 0, otherwise

@ pis a chain map

@ pg=1Id and gp ~ Id
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The Diagonal QA —> QA x QA

e Given (D, g) € Q. A, let X C {metric edges of D}
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The Diagonal QA —> QA x QA

e Given (D, g) € Q. A, let X C {metric edges of D}

e Let X = {metric edges of D} — X
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The Diagonal QA —> QA x QA

e Given (D, g) € Q. A, let X C {metric edges of D}
e Let X = {metric edges of D} — X

e Obtain D/ X by contracting the edges of X
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The Diagonal QA —> QA x QA

Given (D, g) € Q. A, let X C {metric edges of D}

e Let X = {metric edges of D} — X

Obtain D/ X by contracting the edges of X

e Obtain Dy by labeling the edges in X non-metric
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The Diagonal QA —> QA x QA

Given (D, g) € Q. A, let X C {metric edges of D}

e Let X = {metric edges of D} — X

Obtain D/X by contracting the edges of X
e Obtain Dy by labeling the edges in X non-metric

Define

X C{metric edges of D}
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The Diagonal CA —> CAx CA

o Ac:CA-5 QALY QARQAPE CARCA
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The Diagonal CA —> CAx CA

o Ac: CGA-L QALY QAR QAL AR CA
o Let G, = G, AY. On a corolla ¢ € Gy we have

)= ¥ ST
S®T€C,‘®Cj
SmaxSTmin
i+j=k
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A(—)= —o—

AL )= l_eo_| +_| o_|

A(NL)= N\ o N+ \/®_/+\| ®_|/

v e Y+ + e\
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The Cyclic Case

A(—)= —o—
AC(—l—):AC(_T_):Ac(+):O

A( DM )= M ®_
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Thank you!
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