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The space X

» Denote 3, € H' (Si;ZQ) ,i=273,and be H? (ZCPQ;ZQ)

» Consider the following pullback of the path fibration:

K(Zy,4) — X — LK (Z,,5)
pl !

(2 x S)VECP? - K(Z,,5)
aras + 5q2b — ls

f'*

» Let a; = p* (3;) and b= p* (b) in H* (X;Z3)

> H*(X;Z,) = {1,a, a3, b, apa3 = S¢°b, ...}
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A coalgebra model for cochains on loop X

» A= H*(X;Z>) is a graded commutative algebra

» Bar Construction <BA =@ (LA, A) is a cofree DGC

n>0

> Xkl xa]l =l a®@ L@ ® | x,

» Reduced coproduct:
n—1
Apalxel Pl = Y bal - 1x] @ [xipa] - [xi]

—_



A coalgebra model for cochains on loop X

» A= H*(X;Z>) is a graded commutative algebra

v

Bar Construction <BA =@ (LA, A) is a cofree DGC

n>0

v

Xilxa| - |xa] =l xa® L@@ | X,

v

Reduced coproduct:

n—1
Alalel---Ixal = ) bal - [xi] @ Dhgal - - [xa]

I
—

Differential:

v

>
[ay

dpalsel - [x] = ) [xabel - [xixioa] - - [x]
i=1
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A coalgebra model for cochains on loop X

» A= H*(X;Z>) is a graded commutative algebra

v

Bar Construction <BA =@ (LA, A) is a cofree DGC

n>0

v

Xilxa| - |xa] =l xa® L@@ | X,

» Reduced coproduct:

bl -+ bl = T bl sl el
» Differential:

bbbl = T bl - bosa ]
> Let Ay be the induced coproduct on H = H* (BA)

v

(H,Ay) = H*(QX;Z,) as graded coalgebras
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The Baues product on BA

> The twisting in X induces Steenrod's
— 1t AR A— A

acting non-trivially via b—1 b = aas3

» The induced map ¢ : BA® BA — A is given by

¢([x]@e)=¢(e®[x]) =x
¢ ([b] ® [b]) = b—1 b= aa3

and zero otherwise
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The Baues product on BA

v

Consider the tensor coalgebra (BA® BA, 1) with

Pi=022(ABA)

> Let ¢(©) :=1 and p¥) := (P19 ... (pal1)P

v

The Baues product 1 : BA® BA — BA is given by

Hi=Y oo Lo 1 ¢) p¥

k—+1 factors

» Then u ([b] ® [b]) = [a2a3]
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The Baues Hopf algebra model for cochains on loop X

» (BA,d, A, u) is a DG Hopf algebra
> Let y,, be the product on H = H* (BA) induced by u

» (H,Ap,puy) = H* (QX; Z5) as graded Hopf algebras
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Transfer of structure

> Let Bbe a DG Hopf algebra such that H = H, (B) is free
» Let g: H — B be a chain map and homology isomorphism

» Special Transfer Theorem (S-U 2011)
» g induces an Aw-bialgebra structure wy on H :
wy = {wl™ : H®M — H®"}
» g extends to a map G : H = B of Aw-bialgebras :

G={gh:H"™ — B | gl =g}

» The transfer process is controlled by bimultiplihedra



The Bimultiplihedron JJ(1,2) :

A

A

dg; =guy +1(g®eg)



The Bimultiplihedron JJ(2,1) :

Y

Y Y

(d1+12d) gl =0+ (g®g)An




Fraction notation

AA o
Y'Y

(HOu) 022 (Mg ® gf)




The boundary of JJ(2,2) :

AN AN AL AA
AN VY YV Y YT AA
YY A)( A**AH\ .* YY

YV WYY v

> X
P
>< I
><
XX



The JJ(2,2) relation :

X X

(do1+1®d)gs = (H@ )02 (Mg ® el + 57 © (g ¥ &) An)
+(n(e®g)®er +g @giy) 022 (Ay @ Ap)
+ Wi (g®g) + (g ®g) Wi’ + Mgk + gl
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Transfer of structure

» Choose a cocycle-selecting map g : H — BA such that
g (cspal - [xa]) =[xl [x]

» Let o; = cls[a;] and B = cls [b]

> 1 ([b] @ [b]) = [a2a3] = d [a2]a3] implies

y (B B) =0
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> The Transfer Theorem implies that the JJ; » relation holds:
dgy = gpy +1(g®g)
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> (grn T H(g®g)) (B P) = u([b] @ [b]) = [a2a3]
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g is homotopy multiplicative:
> The Transfer Theorem implies that the JJ; » relation holds:
dg =gy +1(g®eg)

for some cochain homotopy g3
> (g + 1 (£ ©)) (B B) = (6] ® [8]) = 2229
» Therefore dg} (B ® B) = [aza3]

= da|as] = d [a3|a)]

» The cochain homotopy g21 satisfies

g (B®B) = [ai|as_;] for some i € {2,3}
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g is homotopy comultiplicative:

» The Transfer Theorem implies that the JJ 1 relation holds:
(de1+10d)g =0g+(g@g) A
for some cochain homotopy g2
» B primitive implies (Ag + (g ® g) Ay) (B) =0

» Therefore (d®1+1®d)g?(B) =0



g is homotopy comultiplicative:

v

The Transfer Theorem implies that the JJ; 1 relation holds:
(d1+1ed) gl=A+(g®g)Ay

for some cochain homotopy g12

> B primitive implies (Ag + (g ® g) An) (B) =0

v

Therefore (d ®1+1®d)g? (B) =0

v

The cochain homotopy g12 satisfies

gt (B) = A®[a] + [a2] ©p

for some A, p € Z,
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Non-triviality of the (2,2)-operation

» The Transfer Theorem implies that the JJ 5 relation holds:

(dR14+12d) gl =(u@u) 0 (Ag®egl+gl @ (g®g)An)
+(n(g®eg)@es +8 Qguy) va2 (A ® Ap)
+ Wi (g®g) + (g ®g) Wi’ + Mgk + gl

for some cochain homotopy g3

. W

f‘ (g ® g) = 0 since BA has trivial higher order structure
> The non-trivilaity of (g ® g) w?? is to be determined

> Let's evaluate the JJ > relation on f ® B
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Non-triviality of the (2,2)-operation

» gy (B® B) = 0 by the observation above

> (n@p)oa (Mgl +ef @ (g®g)An) (BRB)
= (u@p)o2a (Alb] @ gl (B) +&f (B) @A[b])

= 0 for every choice of g? (B)

> (1(g®g)®gl + 8 @gHy) 022 (Bn @ Dy) (B P)
= (n(g®g)®gl + &t ®guy) o2z (A (B) @ An (B))
=108 (BOB)+& (BRB) @1

=(A+4A) g (BRAB)



Non-triviality of the (2,2)-operation

> Thus the right-hand side of the JJ, 5 relation reduces to
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= (g®g)wi (B®B) +Ags (B P)
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Non-triviality of the (2,2)-operation

> Thus the right-hand side of the JJ, 5 relation reduces to
{(gng)wi?+ (8+B) g} + g} (BoB)
= (g®g)wi’ (B®B)+Ag (B P)
> But Ags (B® B) = Alaj|as—] = [a]] ® [a5_]
» Thus (d®1+1®d)g? (B®PB)

= (g®g)wy’ (B®P) + [ai] ® [as]



Non-triviality of the (2,2)-operation
> Thus the right-hand side of the JJ» » relation reduces to
{emg) i+ (8+B) g+ } (B p)
= (g®g)wi’ (B B)+Ags (B P)
> But Agy (B®B) = Alailas—i] = [ai] @ [a5-i]
» Thus (d®1+1®d)gs (B®P)
= (g®g) wi (B®B) +[a)] @ [a5-i]

» Since g is a cochain map, we conclude

Wi (BOP) = ai Qa5
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Summarizing...

v

Let K (Z2,4) — X £ (52 x S3) V ZCP? be the fibration

induced by the twisting f* (15) = 2233 + Sq*b

\4

Let b= p* (b) € A= H* (X;Z>) and consider [b] € BA

v

Let H = H* (OX;Z,) ~ H* (BA)

v

Conclusion: There is an induced non-operadic operation
2,2 .
wy tH®H —-H®H

of degree —1, which is non-vanishing on cls [b] ® cls [b]



Thank you!



