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The space X

I Denote āi ∈ H i
(
S i ;Z2

)
, i = 2, 3, and b̄ ∈ H3

(
ΣCP2;Z2

)

I Consider the following pullback of the path fibration:

K (Z2, 4) −→ X −→ LK (Z2, 5)

p ↓ ↓(
S2 × S3

)
∨ ΣCP2

f−→ K (Z2, 5)
ā2ā3 + Sq2b̄ ←

f ∗
ι5

I Let ai = p∗ (āi ) and b = p∗ (b̄) in H∗ (X ;Z2)

I H∗ (X ;Z2) =
{
1, a2, a3, b, a2a3 = Sq2b, . . .

}
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A coalgebra model for cochains on loop X
I A = H∗ (X ;Z2) is a graded commutative algebra

I Bar Construction
(
BA =

⊕
n≥0

(↓ A)⊗n ,∆
)
is a cofree DGC

I [x1|x2| · · · |xn ] :=↓ x1⊗ ↓ x2 ⊗ · · · ⊗ ↓ xn

I Reduced coproduct:

∆̄ [x1|x2| · · · |xn ] =
n−1
∑
i=1
[x1| · · · |xi ]⊗ [xi+1| · · · |xn ]

I Differential:

d [x1|x2| · · · |xn ] =
n−1
∑
i=1
[x1|x2| · · · |xixi+1| · · · |xn ]

I Let ∆H be the induced coproduct on H = H∗ (BA)

I (H,∆H ) ≈ H∗(ΩX ;Z2) as graded coalgebras
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The Baues product on BA

I The twisting in X induces Steenrod’s

^1 : A⊗ A→ A

acting non-trivially via b ^1 b = a2a3

I The induced map φ : BA⊗ BA→ A is given by

φ ([x ]⊗ e) = φ (e ⊗ [x ]) = x

φ ([b]⊗ [b]) = b ^1 b = a2a3

and zero otherwise
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The Baues product on BA

I Consider the tensor coalgebra (BA⊗ BA,ψ) with

ψ := σ2,2 (∆⊗ ∆)

I Let ψ(0) := 1 and ψ(k ) :=
(
ψ̄⊗ 1⊗k−1

)
· · · (ψ̄⊗ 1) ψ̄

I The Baues product µ : BA⊗ BA→ BA is given by

µ := ∑k≥0 (↓ φ⊗ · · · ⊗ ↓ φ)︸ ︷︷ ︸
k+1 factors

ψ(k )

I Then µ ([b]⊗ [b]) = [a2a3]



The Baues product on BA

I Consider the tensor coalgebra (BA⊗ BA,ψ) with

ψ := σ2,2 (∆⊗ ∆)

I Let ψ(0) := 1 and ψ(k ) :=
(
ψ̄⊗ 1⊗k−1

)
· · · (ψ̄⊗ 1) ψ̄

I The Baues product µ : BA⊗ BA→ BA is given by

µ := ∑k≥0 (↓ φ⊗ · · · ⊗ ↓ φ)︸ ︷︷ ︸
k+1 factors

ψ(k )

I Then µ ([b]⊗ [b]) = [a2a3]



The Baues product on BA

I Consider the tensor coalgebra (BA⊗ BA,ψ) with

ψ := σ2,2 (∆⊗ ∆)

I Let ψ(0) := 1 and ψ(k ) :=
(
ψ̄⊗ 1⊗k−1

)
· · · (ψ̄⊗ 1) ψ̄

I The Baues product µ : BA⊗ BA→ BA is given by

µ := ∑k≥0 (↓ φ⊗ · · · ⊗ ↓ φ)︸ ︷︷ ︸
k+1 factors

ψ(k )

I Then µ ([b]⊗ [b]) = [a2a3]



The Baues product on BA

I Consider the tensor coalgebra (BA⊗ BA,ψ) with

ψ := σ2,2 (∆⊗ ∆)

I Let ψ(0) := 1 and ψ(k ) :=
(
ψ̄⊗ 1⊗k−1

)
· · · (ψ̄⊗ 1) ψ̄

I The Baues product µ : BA⊗ BA→ BA is given by

µ := ∑k≥0 (↓ φ⊗ · · · ⊗ ↓ φ)︸ ︷︷ ︸
k+1 factors

ψ(k )

I Then µ ([b]⊗ [b]) = [a2a3]



The Baues Hopf algebra model for cochains on loop X

I (BA, d ,∆, µ) is a DG Hopf algebra

I Let µH be the product on H = H
∗ (BA) induced by µ

I (H,∆H , µH ) ≈ H∗ (ΩX ;Z2) as graded Hopf algebras
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Transfer of structure

I Let B be a DG Hopf algebra such that H = H∗ (B) is free

I Let g : H → B be a chain map and homology isomorphism

I Special Transfer Theorem (S-U 2011)

I g induces an A∞-bialgebra structure ωH on H :

ωH = {ωn,mH : H⊗m → H⊗n}

I g extends to a map G : H ⇒ B of A∞-bialgebras :

G = {gnm : H⊗m → B⊗n | g11 = g}

I The transfer process is controlled by bimultiplihedra
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The Bimultiplihedron JJ(1,2) :

dg12 = gµH + µ (g ⊗ g)



The Bimultiplihedron JJ(2,1) :

(d ⊗ 1+ 1⊗ d) g21 = ∆g + (g ⊗ g)∆H



Fraction notation

(µ⊗ µ) σ2,2
(
∆g ⊗ g21

)



The boundary of JJ(2,2) :



The JJ(2,2) relation :

(d ⊗ 1+ 1⊗ d) g22 = (µ⊗ µ) σ2,2
(
∆g ⊗ g21 + g21 ⊗ (g ⊗ g)∆H

)
+
(
µ (g ⊗ g)⊗ g12 + g12 ⊗ gµH

)
σ2,2 (∆H ⊗ ∆H )

+ ω2,2
BA (g ⊗ g) + (g ⊗ g)ω2,2

H + ∆g12 + g
2
1 µH



Transfer of structure

I Choose a cocycle-selecting map g : H → BA such that

g (cls [x1| · · · |xn ]) = [x1| · · · |xn ]

I Let αi = cls [ai ] and β = cls [b]

I µ ([b]⊗ [b]) = [a2a3] = d [a2|a3] implies

µH (β⊗ β) = 0
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g is homotopy multiplicative:

I The Transfer Theorem implies that the JJ1,2 relation holds:

dg12 = gµH + µ (g ⊗ g)

for some cochain homotopy g12

I (gµH + µ (g ⊗ g)) (β⊗ β) = µ ([b]⊗ [b]) = [a2a3]

I Therefore dg12 (β⊗ β) = [a2a3]

= d [a2|a3] = d [a3|a2]

I The cochain homotopy g12 satisfies

g12 (β⊗ β) = [ai |a5−i ] for some i ∈ {2, 3}
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Non-triviality of the (2,2)-operation

I The Transfer Theorem implies that the JJ2,2 relation holds:

(d ⊗ 1+ 1⊗ d) g22 = (µ⊗ µ) σ2,2
(
∆g ⊗ g21 + g21 ⊗ (g ⊗ g)∆H

)
+
(
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)
σ2,2 (∆H ⊗ ∆H )

+ ω2,2
BA (g ⊗ g) + (g ⊗ g)ω2,2

H + ∆g12 + g
2
1 µH

for some cochain homotopy g22

I ω2,2
BA (g ⊗ g) ≡ 0 since BA has trivial higher order structure

I The non-trivilaity of (g ⊗ g)ω2,2
H is to be determined

I Let’s evaluate the JJ2,2 relation on β⊗ β
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= (g ⊗ g)ω2,2
H (β⊗ β) + [ai ]⊗ [a5−i ]

I Since g is a cochain map, we conclude

ω2,2
H (β⊗ β) = αi ⊗ α5−i
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Summarizing...

I Let K (Z2, 4)→ X
p→
(
S2 × S3

)
∨ ΣCP2 be the fibration

induced by the twisting f ∗ (ι5) = ā2ā3 + Sq2b̄

I Let b = p∗ (b̄) ∈ A = H∗ (X ;Z2) and consider [b] ∈ BA

I Let H = H∗ (ΩX ;Z2) ≈ H∗ (BA)

I Conclusion: There is an induced non-operadic operation

ω2,2
H : H ⊗H → H ⊗H

of degree −1, which is non-vanishing on cls [b]⊗ cls [b]
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Thank you!


