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Minkowski space

e Pseudo inner product space R? = {(t,x) : t,x € R}
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Minkowski space

e Pseudo inner product space R? = {(t,x) : t,x € R}
@ Pseudo inner product ((t1,x1), (t2, x2)) = titr — x1%0

e Minkowski norm ||(t, x)|| = V/t?> — x? ranges over all non-negative
real and positive imaginary values
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Curves of constant Minkowski norm

@ Points on curves of constant Minkowski norm satisfy
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@ The parameter a determines three families of curves
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Curves of constant Minkowski norm

Points on curves of constant Minkowski norm satisfy

The parameter a determines three families of curves
@ a = 0 defines the light cone x = =+t

e a € R™ defines a real hyperbolic circle of radius a
(the hyperbola t> — x? = a? inside the light cone)
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Curves of constant Minkowski norm

Points on curves of constant Minkowski norm satisfy

The parameter a determines three families of curves
@ a = 0 defines the light cone x = =+t

e a € R™ defines a real hyperbolic circle of radius a
(the hyperbola t> — x? = a? inside the light cone)

@ a=ib € /R" defines an imaginary hyperbolic circle of radius ib
(the hyperbola x> — t> = b? outside the light cone)
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Three kinds of vectors

@ Isotropic vectors: zero Minkowski norm; live on the light-cone
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Three kinds of vectors

@ Isotropic vectors: zero Minkowski norm; live on the light-cone

@ Time-like vectors: positive real Minkowski norm; live inside the
light-cone
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Three kinds of vectors

@ Isotropic vectors: zero Minkowski norm; live on the light-cone

@ Time-like vectors: positive real Minkowski norm; live inside the
light-cone

@ Space-like vectors: positive imaginary Minkowski norm; live outside
the light-cone
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Euclidean Isometries

@ Rotations p, about the origin through angle 0

(MU/F&M Mathematics Colloquium ) The Linear Algebra of Space-Time November 18, 2010



Euclidean Isometries

@ Rotations p, about the origin through angle 0

@ Reflections ¢y in lines through the origin with inclination 6
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Euclidean Isometries

@ Rotations p, about the origin through angle 0
@ Reflections ¢y in lines through the origin with inclination 6

@ Rotations fix circles centered at the origin and send lines through the
origin to lines through the origin
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Euclidean Isometries

Rotations p, about the origin through angle 6
@ Reflections ¢y in lines through the origin with inclination 6

@ Rotations fix circles centered at the origin and send lines through the
origin to lines through the origin

Reflections fix their reflecting lines pointwise
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Matrix Representation

@ Rotations represented by orthogonal matrices with determinant +1 :

log] = cos® —sinf
Pol = | sine  cosh
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Matrix Representation

@ Rotations represented by orthogonal matrices with determinant +1 :

log] = cos® —sinf
Pol = | sine  cosh

o Reflections represented by orthogonal matrices with determinant —1 :

7] = cos20 —sin26
997 | —sin20 —cos26
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Matrix Representation

@ Rotations represented by orthogonal matrices with determinant +1 :

log] = cos® —sinf
Pol = | sine  cosh

o Reflections represented by orthogonal matrices with determinant —1 :

7] = cos20 —sin26
997 | —sin20 —cos26

@ These form the orthogonal group O (2), which has two components:

cosf —sinf ]

loe] = [ sinf  cosf

and [p,] [00] = [ cosd sinf }

sinf —cosf
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The Orthogonal Group O(2)

@ The component

cosf —sinf 10 . 0 -1
[ sin @ cosQ]_cose [0 1}—1_5'”9 [1 0}

parametrizes the circle

in the 2-plane spanned by

) 0 —L
V2 V2
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The Orthogonal Group O(2)

@ The component
cosf —sinf 10 . 0 —1
[sinQ cosQ]_cose [0 1}—1_5'”9 [1 0}
parametrizes the circle
G uf + u% =2

in the 2-plane spanned by

) 0 —L
V2 V2

@ The trivial rotation [p,] = [
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The Orthogonal Group O(2)

@ The component

cos 6 sin 6 1 0 . 01
[ sinf —cosf } = cosf {0 -1 } +sind { 1 0}
parametrize the circle
G u32, + uﬂzr =2

oe[ %)

in the 2-plane spanned by

Bzz{mzl

oﬁ"“
S o

(MU/F&M Mathematics Colloquium ) The Linear Algebra of Space-Time November 18, 2010 8 /30



The Orthogonal Group O(2)

@ The component

cos 6 sin 6 1 0 . 01
[ sinf —cosf } = cosf {0 -1 } +sind { 1 0}
parametrize the circle
G u32, + uAZr =2

in the 2-plane spanned by

> 0 0 =
V2 V2

e 31 U B linearly independent = ;NG =@ and G U G = O (2)

oSl
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Minkowski Isometries

@ Hyperbolic rotations represented by the matrices

cosh@ sinh@
[Re] = [ sinh® cosh@ ]

or in coordinates by

Ro (t,x) = (tcosh @ + xsinh 6, t sinh 6 + x cosh 0)
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Minkowski Isometries

@ Hyperbolic rotations represented by the matrices

cosh@ sinh@
[Re] = [ sinh® cosh@ ]

or in coordinates by
Ro (t,x) = (tcosh @ + xsinh 6, t sinh 6 + x cosh 0)
@ Ry fixes hyperbolic circles:

(1) — (x)? = (tcosh 6 + xsinh 8)® — (tsinh 0 4 x cosh #)* = t* — x?
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Minkowski Isometries

@ Hyperbolic rotations represented by the matrices

cosh@ sinh@
[Re] = [ sinh® cosh@ ]

or in coordinates by
Ro (t,x) = (tcosh @ + xsinh 6, t sinh 6 + x cosh 0)
@ Ry fixes hyperbolic circles:
(1) — (x)? = (tcosh 6 + xsinh 8)® — (tsinh 0 4 x cosh #)* = t* — x?
@ Ry sends lines through the origin to lines through the origin:

Ry (a,0) = a(cosh 6, sinh 0)
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Minkowski Isometries

@ Reflections Sy in the t-axis and S in the x-axis are represented by

sl= g & | e =] 5 Y
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Minkowski Isometries

@ Reflections Sy in the t-axis and S in the x-axis are represented by

sl= g & | e =] 5 Y

@ Hyperbolic reflection in line with inclination 8 # 7 is represented by

cosh 20 sinh 20 )
[ —sinh20 — cosh 26 } i —m/4<0<7/4

—cosh20 —sinh260 .
[ sinh 20 cosh 260 } o /4 <0 <3m/4
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Minkowski Isometries

@ Reflections Sy in the t-axis and S in the x-axis are represented by
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@ Hyperbolic reflection in line with inclination 8 # 7 is represented by

cosh 20 sinh 20 )
[ —sinh20 — cosh 26 } i —m/4<0<7/4

—cosh20 —sinh260 .
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Minkowski Isometries

@ Reflections Sy in the t-axis and S in the x-axis are represented by

Sl= o 5] 1sd=| 3]

@ Hyperbolic reflection in line with inclination 8 # 7 is represented by

cosh 20 sinh 20 .
[ —sinh20 — cosh 26 } i —m/4<0<7/4
[Sm] =

—cosh20 —sinh260 .
[ sinh 20 cosh 260 } o /4 <0 <3m/4

@ Hyperbolic reflections fix hyperbolic circles

@ Hyperbolic reflections fix their reflecting lines point-wise
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The Poincaré Group O(1,1)

@ Hyperbolic rotation and reflections form the group O(1,1)
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The Poincaré Group O(1,1)

@ Hyperbolic rotation and reflections form the group O(1,1)

e O(1,1) has four disjoint components:

cosh® sinh@ ]
[Re] = [ sinhf cosh |

—cosh® —sinh@ |

[Re] [So] [Seo] = [ —sinhf —cosh@ |
cosh® —sinh@ ]|

[Rol [S0] = [ sinh® —coshf |

—cosh® sinh6 ]|
[RG] [500] - [ —sinh® coshf |
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The Poincaré Group O(1,1)

The components

cosh® sinh6 10 . 01
[sinh@ cosh@]_COShg [o 1]+S'”h9 [1 o}

and
—coshf) —sinh0 10 . 01
[ —sinh® —cosh 6 ] = —coshf [ 0 1 ] —sinh® [ 10 }
form the two branches of the hyperbola

Hy:u? —u2 =2

in the 2-plane spanned by
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The Poincaré Group O(1,1)

The components

cosh® —sinh6 1 0 : 0 -1
[sinhG —coshQ]_COShg [o —1]+5'"h9 [1 0 ]

and
—cosh® sinh6 1 0 . 0 —1
[ —sinh® coshf ] = —coshb [0 ~1 } —sinh6 [1 0 ]
form the two branches of the hyperbola
Ho: v —u3 =2

in the 2-plane spanned by
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The Poincaré Group O(1,1)

@ The trivial hyperbolic rotation

[Ro] = [é (1)]=ﬁu1+0u4

lies in the component of

coshf sinh6
sinh@ cosh 6
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The Poincaré Group O(1,1)

@ The trivial hyperbolic rotation

[Ro] = [é (1)]=ﬁu1+0u4

lies in the component of

coshf sinh6
sinh@ cosh 6

e B} UBj linearly independent = Hi N Hy = & and Hy UH, = O (1,1)
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Special Relativity

o The speed of light ¢ ~ 3 x 10® m/sec
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Special Relativity
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Special Relativity

o The speed of light ¢ ~ 3 x 10® m/sec
@ An event is a point (t, x) in space-time
e The world-line of a particle is a curve r (t) = (ct, x (t))

e The relative velocity of a particle P is v (t) = (¢, x" (t))

(MU/F&M Mathematics Colloquium ) The Linear Algebra of Space-Time November 18, 2010 15 / 30



Special Relativity

The speed of light ¢ ~ 3 x 108 m/sec

An event is a point (t, x) in space-time

The world-line of a particle is a curve r (t) = (ct, x (t))

The relative velocity of a particle P is v (t) = (¢, x' (t))

The ordinary velocity of P is x' (t)
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Special Relativity

o The speed of light ¢ ~ 3 x 10® m/sec

An event is a point (t, x) in space-time

e The world-line of a particle is a curve r (t) = (ct, x (t))

The relative velocity of a particle P is v (t) = (¢, x' (t))

e The ordinary velocity of P is x' (t)

The relative speed of P is ||v| = /c2 — (x/)?
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Special Relativity

o The speed of light ¢ ~ 3 x 10® m/sec

An event is a point (t, x) in space-time

e The world-line of a particle is a curve r (t) = (ct, x (t))

The relative velocity of a particle P is v (t) = (¢, x' (t))
e The ordinary velocity of P is x' (t)

The relative speed of P is ||v| = /c2 — (x/)?

’

e The ordinary speed of P is |x
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Physical Assumptio

@ The ordinary speed of a particle cannot exceed the speed of light
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Physical Assumptions

@ The ordinary speed of a particle cannot exceed the speed of light

@ A particle traveling at the speed of light has zero mass
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Physical Assumptions

@ The ordinary speed of a particle cannot exceed the speed of light
@ A particle traveling at the speed of light has zero mass

@ The speed of light is the same in every frame of reference
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The World Line of a

@ particle at rest is a horizontal line inside the light cone
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The World Line of a

@ particle at rest is a horizontal line inside the light cone

@ particle with non-zero mass is a curve inside the light cone
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The World Line of a

@ particle at rest is a horizontal line inside the light cone
@ particle with non-zero mass is a curve inside the light cone

@ particle with non-zero mass and constant speed is a line inside the
light cone
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T rld Line of a ...

particle at rest is a horizontal line inside the light cone

@ particle with non-zero mass is a curve inside the light cone

particle with non-zero mass and constant speed is a line inside the
light cone

@ photon is a line on the light cone
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Proper Ellapsed Tlme

o Consider a particle P with non-zero mass and constant ordinary
velocity v in the positive x-direction.
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Proper Ellapsed Tlme

o Consider a particle P with non-zero mass and constant ordinary
velocity v in the positive x-direction.

@ The relative velocity of P is (¢, v) and its relative speed is v/¢? — v?
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Proper Ellapsed Tlme

o Consider a particle P with non-zero mass and constant ordinary
velocity v in the positive x-direction.

@ The relative velocity of P is (¢, v) and its relative speed is v/¢? — v?

@ The arc length function s for the world-line of P is

s(t):/; |\(c,v)]|du:m/;du:tm
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Proper Ellapsed Tlme

o Consider a particle P with non-zero mass and constant ordinary
velocity v in the positive x-direction.

@ The relative velocity of P is (¢, v) and its relative speed is v/¢? — v?
@ The arc length function s for the world-line of P is
t t
s(t) = / (e, v)|| du = V& = v2/ du= tVE V2
0 0

S s/ C
Ot: = /

c2—vZ  J1—-v?/c?
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Proper Ellapsed Tlme

o Consider a particle P with non-zero mass and constant ordinary
velocity v in the positive x-direction.

@ The relative velocity of P is (¢, v) and its relative speed is v/¢? — v?

@ The arc length function s for the world-line of P is

s(t) = /; (e, )| du = m/;du: N
ot s _ s/c

2—v2  J1-v?/c2
@ The proper elapsed time of P is: % =tv/1—v2/c2
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Proper Ellapsed Tlme

o Consider a particle P with non-zero mass and constant ordinary
velocity v in the positive x-direction.

@ The relative velocity of P is (¢, v) and its relative speed is v/¢? — v?

@ The arc length function s for the world-line of P is

s(t) = /; (e, )| du = m/;du: N
ot s _ s/c

2—v2  J1-v?/c2
@ The proper elapsed time of P is: % =tv/1—v2/c2

o If P is at rest, for example, its proper elapsed time is t.
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Lorentz Transformations

@ Hyperbolic change of coordinates
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Lorentz Transformations

@ Hyperbolic change of coordinates

oA:[“ ﬁ]—>lasv—>0
¥ 0
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Lorentz Transformations

@ Hyperbolic change of coordinates

eI @

oA:[“ ﬁ]—>lasv—>0
¥ 0

. _ _ cosh@ sinh6
@ A is a hyperbolic rotation [ sinh@ cosh 6 ]
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Lorentz Transformations

@ Hyperbolic change of coordinates

oA:[“ ﬁ]—>lasv—>0
¥ 0

@ A is a hyperbolic rotation [ cosh® sinh 6 ]

sinh® cosh @

ct = ctcosh @ + xsinh 6
x = ctsinh 0 + x cosh 0
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When 6 = In2, coshf = 2 and sinh 6 = 3

51 [5/4 3/4]4 g [0]_[5/4 3/4][ -3
3|7 3/4 5/4 0| 2 | 4|7 |3/4 5/4 5

X
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Lorentz Transformations

@ change coordinates of time-like vectors from K to K-coordinates
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@ change coordinates of time-like vectors from K to K-coordinates

@ change coordinates of space-like vectors from K to K-coordinates
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Lorentz Transformations

@ change coordinates of time-like vectors from K to K-coordinates
@ change coordinates of space-like vectors from K to K-coordinates

@ The world line of a particle P at the origin of the moving frame K is
the horizontal line (cZ,0)
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Lorentz Transformations

@ change coordinates of time-like vectors from K to K-coordinates
@ change coordinates of space-like vectors from K to K-coordinates

@ The world line of a particle P at the origin of the moving frame K is
the horizontal line (cZ,0)

@ When viewed from frame K, this world line has positive slope and is
parameterized by (ct, x) = (ct cosh 0, ctsinh6)
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Lorentz Transformations

@ Dividing second components of
(ct,x) = (ctcosh®, ctsinhb)

by first components gives

X vt v
tanhf = — = — = —
ct ct c
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Lorentz Transformations

@ Dividing second components of
(ct,x) = (ctcosh®, ctsinhb)

by first components gives

X vt v
tanhf = — = — = —
ct ct c

@ 1 = cosh?6 —sinh? @ = cosh? 6 (1 — tanh? 9)
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Lorentz Transformations

@ Dividing second components of
(ct,x) = (ctcosh®, ctsinhb)

by first components gives

tanh = = = vE_v
ct ¢t ¢
@ 1 = cosh?6 —sinh? @ = cosh? 6 (1 — tanh? 9)

1 1

@ coshf = —
V1—tanh?20 V1—v2/c?
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Lorentz Transformations

@ Dividing second components of
(ct,x) = (ctcosh®, ctsinhb)

by first components gives

X vt v
tanhf = — = — = —
ct ct c

@ 1 = cosh?6 —sinh? @ = cosh? 6 (1 — tanh? 9)

1 1
@ coshf = —
V1—tanh?20 V1—v2/c?
@ sinhf = v/c

V1—v2/c?
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Lorentz Transformations

Substituting gives

or in matrix form

| — |
X o+
| S
Il
—_
|
<+
h®)
~
(9]
N
| — |
< =
<
_ >
a
| S
| — |
X1 e+l
| I
—~
w
N—r
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Lorentz length contraction

@ A spaceship flying through space along a line with constant speed v
flies by the international space station
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Lorentz length contraction

@ A spaceship flying through space along a line with constant speed v
flies by the international space station

@ At instant T in the moving frame K of the spaceship, the ship’s
captain observes that the endpoints of the space station are
positioned at X; and x> on the X-axis
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Lorentz length contraction

@ A spaceship flying through space along a line with constant speed v
flies by the international space station

@ At instant T in the moving frame K of the spaceship, the ship’s
captain observes that the endpoints of the space station are
positioned at X; and x> on the X-axis

@ The ordinary length of the space station as measured by the ship’s
captain is AX = X — X1
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Lorentz length contraction

@ A spaceship flying through space along a line with constant speed v
flies by the international space station

@ At instant T in the moving frame K of the spaceship, the ship’s
captain observes that the endpoints of the space station are
positioned at X; and x> on the X-axis

@ The ordinary length of the space station as measured by the ship’s
captain is AX = X — X1

@ Thinking of X; and %, as events (%, %) and (%, %), we use (3) to
change coordinates and calculate the ordinary length Ax at instant % :

vt + X vi+ X1 1 As
_ _ %
V1i—v2/c2 J1—-v2/c2 J1-—-v2/c2

Ax =x0 —x1 =
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Lorentz length contraction

@ A spaceship flying through space along a line with constant speed v
flies by the international space station

@ At instant T in the moving frame K of the spaceship, the ship’s
captain observes that the endpoints of the space station are
positioned at X; and x> on the X-axis

@ The ordinary length of the space station as measured by the ship’s
captain is AX = X — X1

@ Thinking of X; and %, as events (%, %) and (%, %), we use (3) to
change coordinates and calculate the ordinary length Ax at instant % :
vt + X vt+ X 1 Ax

_ — %

V1i—v2/c2 J1—-v2/c2 J1-—-v2/c2

e Equivalently, Ax = v/1—v2/c?2Ax

Ax =x0 —x1 =
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Example

o If v=.73c, then V1 — 732 = /.47 ~ .69
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Example

o If v=.73c, then V1 — 732 = /.47 ~ .69

o If Ax = /34 ~ 5.83, then Ax ~ (.69) (5.83) ~ 4
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Conclusion

To an observer in a reference frame moving along a straight line with
constant speed v relative to a fixed reference frame, the ordinary length of

an object at rest in the fixed frame appears to be shorter than it does to
an observer in the fixed frame by a factor of /1 — v2/c2.

November 18, 2010

The Linear Algebra of Space-Time
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Time dilation

@ A clock on board the spaceship is positioned at the origin O in the
moving frame K
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Time dilation
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readings t; and %, and determines the elapsed time to be At =% — §
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Time dilation

@ A clock on board the spaceship is positioned at the origin O in the
moving frame K

@ As the spaceship passes the space station, the captain takes two clock
readings t; and %, and determines the elapsed time to be At =% — §

@ Thinking of #; and %, as events (%1,0) and (%, 0), the relationship
between At and At is

t t 1

At = — = At
V1i—=v2/c2 J1—=v2/c2 J1-—v2/c2
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Example

e If v = .73c, then ~ 1.46

1 1
Vi—732 /47
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~ 1.46

e If v = .73c, then

1 1
Vi—732 /47

o If At =4, then At ~ (1.46) (4) =5.84
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Conclusion

To an observer in a fixed reference frame, the elapsed time measured in a
reference frame moving along a straight line with constant speed v
appears to dilate by a factor of 1/+/1 — v2/c2.
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The End

Moral: Live fast; live long (relatively speaking...)!
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