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Goal of the Talk

To understand the following statement:

@ Theorem. If A is an Aw-structure over a field k, there is an induced
Aso-structure on H (A; k) .
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Goal of the Talk

To understand the following statement:

@ Theorem. If A is an Aw-structure over a field k, there is an induced
Aso-structure on H (A; k) .

@ Many have studied the transfer of As-algebra structure, including
Kadeishvili, Huebschmann, Kontsevich, Soibelman, Merkulov, Markl,
Real, M-J Jiménez, Berciano, to name a few...

@ Saneblidze observed that the "Transfer Problem" is simpler at the
level of hom groups

@ Our method relaxes the conditions under which the transfer of Aeo-
algebra structure occurs, and transfers As-bialgebra structure as well
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Background: A-infinity Algebras

o Cellular chains on associahedra K = {K} ., realize the operad A«
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Background: A-infinity Algebras

o Cellular chains on associahedra K = {K} ., realize the operad A«
o dim(K,) =n—2
@ An Aw-algebrais a DGM (A, d) together with a family of operations

{u" € Hom"2 (A®" A)}

n>2

and a map ¢ : A — {Hom (A®", A)} ., of non-X operads
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Background: A-infinty Bialgebras

o Cellular chains on matrahedra KK = { KK,  } realize the matrad He
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Background: A-infinty Bialgebras

o Cellular chains on matrahedra KK = { KK,  } realize the matrad He

o dim(KKym)=m+n—3
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Background: A-infinty Bialgebras

o Cellular chains on matrahedra KK = {KK), m} realize the matrad Heo
o dim(KKym)=m+n—3
@ An Aw-bialgebra is DGM (H, d) together with a family of operations

{wrr;v € Hom™ "3 (H®mv H®n)}m,n21; m+n>3

and a map ¢ : Heo — End (TH) of matrads
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Introduction and Overview

e Given DGMs (A, da) and (B, dg), define V on Hom (B, A) by

V (u) = dau— (=1)1" udg
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Introduction and Overview

e Given DGMs (A, da) and (B, dg), define V on Hom (B, A) by
V (u) = dau— (=1)1" udg
@ A chain map g : B — A induces a cochain map
g: (Hom (B®”, B) ;VB) — (Hom (B®”, A) ;V)

via g (u) = gu
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Introduction and Overview

e Given DGMs (A, da) and (B, dg), define V on Hom (B, A) by
V (u) = dau— (=1)1" udg
@ A chain map g : B — A induces a cochain map
g: (Hom (B®”, B) ;VB) — (Hom (B®”, A) ;V)
via g (u) = gu

@ Theorem 1. Let A be an Ax-algebra, B be a DGM, and g: B — A
be a chain map. If g is a quasi-isomorphism, then g induces an
Aco-algebra structure on B.
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Introduction and Overview

e Given DGMs (A, da) and (B, dg), define V on Hom (B, A) by
V (u) = dau— (=1)1" udg
@ A chain map g : B — A induces a cochain map
g: (Hom (B®”, B) ;VB) — (Hom (B®”, A) ;V)
via g (u) = gu

@ Theorem 1. Let A be an Ax-algebra, B be a DGM, and g: B — A
be a chain map. If g is a quasi-isomorphism, then g induces an
Aco-algebra structure on B.

o If g is a quasi-isomorphism, so is g, but not conversely
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Introduction and Overview

e Given DGMs (A, da) and (B, dg), define V on Hom (B, A) by
V (u) = dau— (=1)1" udg
@ A chain map g : B — A induces a cochain map
g: (Hom (B®”, B) ;VB) — (Hom (B®”, A) ;V)
via g (u) = gu

@ Theorem 1. Let A be an Ax-algebra, B be a DGM, and g: B — A
be a chain map. If g is a quasi-isomorphism, then g induces an
Aco-algebra structure on B.

e If g is a quasi-isomorphism, so is g, but not conversely

@ However, the converse holds whenever B is free
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Introduction and Overview

@ Kadeishvili and others assume B is free
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Introduction and Overview

@ Kadeishvili and others assume B is free

@ Markl assumes g has a right-homotopy inverse f

1—gf=dA4)—|—4)dA
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Introduction and Overview

@ Kadeishvili and others assume B is free

@ Markl assumes g has a right-homotopy inverse f
1—gf = qub—l—qbdA

@ All assume there is a homotopy operator ¢ : A — A
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Introduction and Overview

@ Kadeishvili and others assume B is free

Markl assumes g has a right-homotopy inverse f

1—gf = dap + ¢pda

All assume there is a homotopy operator ¢ : A — A

Our algorithm requires neither freeness nor a homotopy operator
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Introduction and Overview

@ Kadeishvili and others assume B is free

Markl assumes g has a right-homotopy inverse f

1—gf = dap + ¢pda

All assume there is a homotopy operator ¢ : A — A

Our algorithm requires neither freeness nor a homotopy operator

@ B = H(A) is an important special case of interest in this talk
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Key Points in the Talk

o Corollary 1. Let A be an Aw-algebra and let H = H (A). If
A= H®& X and H*Hom (H®k,X) =0 for k > 2, there is an
induced Aw-algebra structure on H.
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o Corollary 1. Let A be an Aw-algebra and let H = H (A). If
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o Example 1. We exhibit a DGA A with an induced non-trivial
Aco-algebra structure on H (A) that cannot be computed using
standard techniques
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Key Points in the Talk

o Corollary 1. Let A be an Aw-algebra and let H = H (A). If
A= H®& X and H*Hom (H®k,X) =0 for k > 2, there is an
induced Aw-algebra structure on H.

o Example 1. We exhibit a DGA A with an induced non-trivial
Aco-algebra structure on H (A) that cannot be computed using
standard techniques

o Corollary 2. Given an As-bialgebra A over a field k, there is an
induced Aco-bialgebra structure on H

o Example 2. Let X be a space. There is an induced Ac-bialgebra
structure on H, (QAX; k)
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A—infinity Maps and Multiplihedra

@ Given A-algebras A and B, and a chain map g : B — A, a morphism
G=g+go+g+  :B=>A

is defined in terms of parameter spaces {J,,}n21 , called multiplihedra
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A—infinity Maps and Multiplihedra

@ Given A-algebras A and B, and a chain map g : B — A, a morphism
G=g+go+g+  :B=>A

is defined in terms of parameter spaces {J,,}n21 , called multiplihedra

e J; = x is identified with the cochain g € Hom® (B, A)
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A—infinity Maps and Multiplihedra

@ Given A-algebras A and B, and a chain map g : B — A, a morphism
G=g+go+g+  :B=>A

is defined in terms of parameter spaces {J,,}n21 , called multiplihedra
e J; = x is identified with the cochain g € Hom® (B, A)

e J, = | is identified with the cochain g € Hom! (B ® B, A)
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A—infinity Maps and Multiplihedra

@ Given A-algebras A and B, and a chain map g : B — A, a morphism
G=g+go+g+  :B=>A

is defined in terms of parameter spaces {J,,}n21 , called multiplihedra
e J; = x is identified with the cochain g € Hom® (B, A)
e J, = | is identified with the cochain g € Hom! (B ® B, A)

@ The endpoints of J, are identified with components of the coboundary

Ve =p,(e®g) —ghp
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A—infinity Maps and Multiplihedra

J3 is an hexagonal plane region identified with g3 € Hom? (B®3, A)

3
gu,‘f

&W,e1) g (1@ uy)

u,(2.®2) m(Egeg)

Hi(g®geg)

Vgs =138 + 1, (8208 —80 &) +& (g ®1—1Q ug) — g
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A—infinity Maps and Multiplihedra

e J, is (n— 1)-dimensional and identified with g, € Hom"~1 (B%", A)
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A—infinity Maps and Multiplihedra

e J, is (n— 1)-dimensional and identified with g, € Hom"~1 (B%", A)

@ The operations y'é that appear in Vg, have order k < n
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A—infinity Maps and Multiplihedra

e J, is (n— 1)-dimensional and identified with g, € Hom"~1 (B%", A)
@ The operations y'é that appear in Vg, have order k < n

@ i appears in exactly one component of Vg,, namely guj
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A—infinity Maps and Multiplihedra

e J, is (n— 1)-dimensional and identified with g, € Hom"~1 (B%", A)

The operations y’é that appear in Vg, have order k < n

@ i appears in exactly one component of Vg,, namely guj

Let Q"2 denote the cell of J, identified with the cochain SUE
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A—infinity Maps and Multiplihedra

e J, is (n— 1)-dimensional and identified with g, € Hom"~1 (B%", A)

The operations y’é that appear in Vg, have order k < n

@ i appears in exactly one component of Vg,, namely guj

Let Q"2 denote the cell of J, identified with the cochain SUE

Let ©, denote the cochain identified with 9J, — int Q"2
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A—infinity Maps and Multiplihedra

e J, is (n— 1)-dimensional and identified with g, € Hom"~1 (B%", A)

The operations y’é that appear in Vg, have order k < n

@ i appears in exactly one component of Vg,, namely guj

Let Q"2 denote the cell of J, identified with the cochain SUE

Let ©, denote the cochain identified with 9J, — int Q"2

Then 9Q" 2 is identified with the coboundary VO,
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First Transfer Theorem

o Transfer Problem 1: Let A be an Aw-algebra, let B be a DGM,and
let g: B — A be a chain map. Given {yg, gi construct yp
and g, so that

}2§i<n

vgn = On —gy'é

(4D Digital Imaging Seminar ) Transferring Aco-Structures 24 September 2009 11 /29



First Transfer Theorem

o Transfer Problem 1: Let A be an Aw-algebra, let B be a DGM,and
let g: B — A be a chain map. Given {yg, gi construct yp
and g, so that

}2§i<n

vgn = On —gy'é

@ Transfer Problem 1 has a solution whenever g is a quasi-isomorphism
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First Transfer Theorem

o Transfer Problem 1: Let A be an Aw-algebra, let B be a DGM,and
let g: B — A be a chain map. Given {yg, gi
and g, so that

n
}2§i<n construct yp

vgn =On— gy'é
@ Transfer Problem 1 has a solution whenever g is a quasi-isomorphism

@ Theorem 1. If g is a quasi-isomorphism, then

(i) g transfers the A-algebra structure from A to B; the induced
structure on B is unique up to automorphism.

(ii) g extends to a map G : B = A of Ac-algebras.
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Key Proposition

o Proposition 1. Let A be an Aw-algebra and let H = H (A). If
A= H® X and H*Hom (H®k,X) =0 for k > 2, there is a
cycle-selecting homomorphism g : H — A such that g is a
quasi-isomorphism.
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Key Proposition

o Proposition 1. Let A be an Aw-algebra and let H = H (A). If
A= H® X and H*Hom (H®k,X) =0 for k > 2, there is a
cycle-selecting homomorphism g : H — A such that g is a
quasi-isomorphism.

o Corollary 1. Let A be an A-algebra and let H= H (A) . If
A=H®X and H*Hom (H®k,X) =0 for k > 2, there is an induced
Aco-algebra structure on H.
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Computing the Transfer: The Fundamental Cocycle

Let (A d, u"),>, be an A-algebra, g : H — A a cycle-selecting hom, and
assume that an Ae-structure (H, uj,), -, has been constructed

@ Thinking of g € Hom (H, A), note that Vg = dg =0
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Computing the Transfer: The Fundamental Cocycle

Let (A d, u"),>, be an A-algebra, g : H — A a cycle-selecting hom, and
assume that an Ae-structure (H, uj,), -, has been constructed

@ Thinking of g € Hom (H, A), note that Vg = dg =0

e Oy =p(g®g) € Hom® (H® H, A)
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Computing the Transfer: The Fundamental Cocycle

Let (A d, u"),>, be an A-algebra, g : H — A a cycle-selecting hom, and
assume that an Ae-structure (H, uj,), -, has been constructed

@ Thinking of g € Hom (H, A), note that Vg = dg =0
e Oy =p(g®g) € Hom® (H® H, A)

o Vor=du(g®g)=p(dg®g+g®dg) =0
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Computing the Transfer: The Fundamental Cocycle

e For n > 3, recall that gu?, is identified with Q"2
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Computing the Transfer: The Fundamental Cocycle

e For n > 3, recall that gu?, is identified with Q"2

® O, € Hom"=2 (H®", A) is identified with 9J, — int Q"2
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Computing the Transfer: The Fundamental Cocycle

e For n > 3, recall that gu?, is identified with Q"2
® O, € Hom"=2 (H®", A) is identified with 9J, — int Q"2

@ Since 0 (BJ,, —int Q”*z) =0Q" 2 we have
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Computing the Transfer: The Fundamental Cocycle

For n > 3, recall that guf, is identified with Q"2

S, € Hom"=2 (H®", A) is identified with 9J, — int Q"2

Since 0 (BJ,, —int Q”*z) =0Q" 2 we have

Ve, = Veuy, = dgujy = 0
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Computing the Transfer: The Fundamental Cocycle

For n > 3, recall that guf, is identified with Q"2

S, € Hom"=2 (H®", A) is identified with 9J, — int Q"2

Since 0 (BJ,, —int Q”*z) =0Q" 2 we have

Ve, = Veuy, = dgujy = 0

@ Therefore &, is a cocycle for all n > 2
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Computing the Transfer: The Fundamental Cocycle

For n > 3, recall that guf, is identified with Q"2

S, € Hom"=2 (H®", A) is identified with 9J, — int Q"2

Since 0 (BJ,, —int Q”*z) =0Q" 2 we have

Ve, = Veuy, = dgujy = 0

@ Therefore &, is a cocycle for all n > 2

We refer to S, as the fundamental n-cocycle
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Computing the Transfer: The Induction

Now suppose g is a quasi-isomorphism

@ For n > 2, assume that {y;_,,g,- has been constructed

}2§i<n
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Computing the Transfer: The Induction

Now suppose g is a quasi-isomorphism

@ For n > 2, assume that {y;_,,g,- has been constructed

}2§i<n

@ Since V&, = 0, we may define uj, = (2.) 0]
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Computing the Transfer: The Induction

Now suppose g is a quasi-isomorphism

@ For n > 2, assume that {y;_,,g,- has been constructed

}2§i<n
@ Since V&, = 0, we may define uj, = (2.) 0]

e Then guj, € [©,] and ©, — gu}, is a coboundary
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Computing the Transfer: The Induction

Now suppose g is a quasi-isomorphism

@ For n > 2, assume that {y;_,,g,- has been constructed

}2§i<n
@ Since V&, = 0, we may define uj, = (2.) 0]
e Then guj, € [©,] and ©, — gu}, is a coboundary

@ Solve the linear system dx = ©, — gu},
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Computing the Transfer: The Induction

Now suppose g is a quasi-isomorphism

@ For n > 2, assume that {y;_,,g,- has been constructed

Yosicn
e Since V&, = 0, we may define uf, = (2.) 0]
e Then guj, € [©,] and ©, — gu}, is a coboundary
@ Solve the linear system dx = ©, — gu},

@ Choose a particular solution g,
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Computing the Transfer: The Induction

Now suppose g is a quasi-isomorphism

@ For n > 2, assume that {y;_,,g,- has been constructed

}2§i<n

@ Since V&, = 0, we may define uj, = (2.) 0]

Then guf, € [©5] and ©, — gu}, is a coboundary

Solve the linear system dx = ©, — gu},

Choose a particular solution g,

Then g+ g + - -+ g, is an A,-map
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Transfer of A-infinity Algebra Structure

o Example 1. Consider the DGM

MY — 0 — M? — M3 - M* = 0 —

Z. Zyr B Z) Z4 Z;
(a2, b2) — (0,2a)
as = a4
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Transfer of A-infinity Algebra Structure

o Example 1. Consider the DGM

MY — 0 — M? — M3 - M* = 0 —

Z. Zyr B Z) Z4 Z;
(a2, b2) — (0,2a)
as = a4

© A= T*M /(a3 + as, a3, asa3 + azas, (223 + a3a2)?, ajby, bra;, b3)
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Transfer of A-infinity Algebra Structure

o Example 1. Consider the DGM

MY — 0 — M? — M3 - M* = 0 —

Z. Zyr B Z) Z4 Z;
(a2, b2) — (0,2a)
as = as

© A= T*M /(a3 + as, a3, asa3 + azas, (223 + a3a2)?, ajby, bra;, b3)

@ A has no Hodge decomposition since Z, contains a non-cycle as and
a boundary 2a3. But Z4 does not split as Z, & Z».
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Transfer of A-infinity Algebra Structure

o Example 1. Consider the DGM

MY — 0 — M? — M3 - M* = 0 —

Z. Zyr B Z) Z4 Z;
(32, bg) = (0, 233)
as = as

© A= T*M /(a3 + as, a3, asa3 + azas, (223 + a3a2)?, ajby, bra;, b3)

@ A has no Hodge decomposition since Z, contains a non-cycle as and
a boundary 2a3. But Z4 does not split as Z, & Z».
Z n=0,
o H"(A)=< Zy n=257
0  otherwise
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A Cycle-Selecting Homomorphism g

@ Denote the module generators of H = H (A) by

1= [l eH"

u= [az] € H?

v = [3233 + 3332] € H°

w = [ay(apas + a3ap)] € H'
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A Cycle-Selecting Homomorphism g

@ Denote the module generators of H = H (A) by

w =

1= [l eH"

u= [az] € H?

v = [3283 + 3332] € H°
[

ay(apas + azap)] € H’

@ Define a cycle-selecting homomoprhism g : H — A by

g(l)= 1
g(u) = a
g(v) = aaz+ aza

g(w) = ar(apas + azap)
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g has no Right-Homotopy Inverse

@ Suppose g has a right-homotopy inverse f
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g has no Right-Homotopy Inverse

@ Suppose g has a right-homotopy inverse f

@ Then gf (by) = Aap implies

by — Aay = (1 —gf) (b2)
= (sd + ds) (b2)
= sd (by) = s(2a3) = 2s(a3) =0,

which is a contradiction
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g has no Right-Homotopy Inverse

@ Suppose g has a right-homotopy inverse f

@ Then gf (by) = Aap implies

by — Aay = (1 —gf) (b2)
= (sd + ds) (b2)
= sd (by) = s(2a3) = 2s(a3) =0,

which is a contradiction

@ Transfer of structure in Example 1 cannot be computed using
standard techniques
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Induced DGA Structure

e g : Hom (H*? H) — Hom (H®?, A) is a quasi-isomorphism

4 |5 7 9 10 12 14
H u v w

H® H ulu ulv, vlu | ulw, wlu | vlv | vlw, w|v | w|w
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Induced DGA Structure

e g : Hom (H*? H) — Hom (H®?, A) is a quasi-isomorphism

4

5

7

9

10

12

14

H

w

H&®H

ulu

ulv, viu | ulw, wlu

v|v

viw, wlv

w|w

o Evaluate g on basis

wo
ulv —

ulv

Wav‘u

w, vlu = wy C Hom® (H®2,H)

and evaluate ©, = (g ® g) on basis {u|v, v|u} in degree 7

u|v — Wliaz

g
viu — wW—

Wau\v

wo

viu

(agas + azax) = & (ulv)

(3283 +aza) ap = ©» (V|U)
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Induced DGA Structure

e g : Hom (H*? H) — Hom (H®?, A) is a quasi-isomorphism

4

5

7

9

10

12

14

H

w

H&®H

ulu

ulv, viu | ulw, wlu

v|v

viw, wlv

w|w

o Evaluate g on basis

wo
ulv —

ulv

Wav‘u

w, vlu = wy C Hom® (H®2,H)

and evaluate ©, = (g ® g) on basis {u|v, v|u} in degree 7

o Thinking of wd,|, +wd,|, as a class, g (W8u|v + W8V|u) = [©9]

u\v — Wliaz

g
viu — wW—

Wau\v

wo

viu

(agas + azax) = & (ulv)

(apaz + azaz) ax = S (v|u)
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Induced DGA Structure

e g : Hom (H*? H) — Hom (H®?, A) is a quasi-isomorphism

4 |5 7 9 10 12 14
H u v w

H® H ulu ulv, vlu | ulw, wlu | vlv | vlw, w|v | w|w

. Wau\v Wav\u 0 2
e Evaluate g on basis u|lv — w, vlu — wp C Hom (H® ,H)

and evaluate ©, = (g ® g) on basis {u|v, v|u} in degree 7

wa,, g

ulv = w> ay(agas + azax) = O (ulv)
wa, |,

vie = w i (apaz + azaz) ax = S (v|u)

o Thinking of wd,|, +wd,|, as a class, g (W8u|v + W8V|u) = [©9]

o Define py = (&) " [©2] = wady|, + wd,|,; then uv = vu = w
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Extending g to an A(2)-map

@ The non-trivial values of y (g ® g) — g,y are

2 3 3 3 3
a50,(,, (8333 +a333) 9, and (a3a3 + a333) 0,y
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Extending g to an A(2)-map

@ The non-trivial values of y (g ® g) — g,y are
30, (a3a3+a3a3) 9, and (a3a3 + a3a3) 9,,,
@ These cocycles cobound

v (a3aU‘U) = da3au\u = agau\u
\Y (3332338[,“”) =d (333233) au‘w = (33’33 + 333:2)’) au|W
V (a332330,|,) = d (a3a2a3) 0, = (@333 + a333) 9,
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Extending g to an A(2)-map

@ The non-trivial values of y (g ® g) — g,y are
30, (a3a3+a3a3) 9, and (a3a3 + a3a3) 9,,,
@ These cocycles cobound

v (a3aU‘U) = da3au\u = agau\u
\Y (3332338[,“”) =d (333233) au‘w = (33’33 + 333:2)’) au|W
V (a332330,|,) = d (a3a2a3) 0, = (@333 + a333) 9,

@ Thus we define

8 = 330, + 333233 (au\w + aW\u)
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Extending g to an A(2)-map

@ The non-trivial values of y (g ® g) — g,y are
30, (a3a3+a3a3) 9, and (a3a3 + a3a3) 9,,,
@ These cocycles cobound

v (a3aU‘U) = da3au\u = agau\u
\Y (3332338[,“”) =d (333233) au‘w = (33’33 + 333:2)’) au|W
V (a332330,|,) = d (a3a2a3) 0, = (@333 + a333) 9,

@ Thus we define
8 = 330, + 333233 (au\w + aW\u)

© Then Vgo = (g ®g) — gHy and g + & is an Ax-map
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Induced A(3)-structure

o i =0 implies O3 =p(weg—eg@g)te(py®1-10uy,)
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Induced A(3)-structure

o i =0 implies O3 =p(weg—eg@g)te(py®1-10uy,)

e g : Hom (H*3 H) — Hom (H®3, A) is a quasi-isomorphism

215 6 7
H u
H®H®H ululu
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Induced A(3)-structure

o i =0 implies O3 =p(weg—eg@g)te(py®1-10uy,)

e g : Hom (H*3 H) — Hom (H®3, A) is a quasi-isomorphism

215 6 7
H u
H®H®H ululu

Vaullu
e Evaluate g on the basis {u|u|u 3! v} for Hom™* (H®3, H)

and evaluate ©3 on the basis {u|u|u} in degree 6

0
ululu Ty dpas + asa = O (ululu)
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Induced A(3)-structure

o i =0 implies O3 =p(weg—eg@g)te(py®1-10uy,)

e g : Hom (H*3 H) — Hom (H®3, A) is a quasi-isomorphism

215 6 7
H u
H®H®H ululu

_ . Vau\u\u _1 3
e Evaluate g on the basis { u|ulu " v for Hom™! (H®3, H)

and evaluate ©3 on the basis {u|u|u} in degree 6

0
ululu Ty dpas + asa = O (ululu)

@ Thinking of vd,|,|, as a class: & (vd,,,) = [O3]
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Induced A(3)-structure

o i =0 implies O3 =p(weg—eg@g)te(py®1-10uy,)

e g : Hom (H*3 H) — Hom (H®3, A) is a quasi-isomorphism

215 6 7
H u
H®H®H ululu

Vaullu
e Evaluate g on the basis {u|u|u 3! v} for Hom™* (H®3, H)

and evaluate ©3 on the basis {u|u|u} in degree 6

0
ululu Ty dpas + asa = O (ululu)

@ Thinking of vd,|,|, as a class: & (vd,,,) = [O3]

o Define u3, = (g.) ' [©3] = VO, |u[ui then piy (ululu) = v

(4D Digital Imaging Seminar ) Transferring Aco-Structures 24 September 2009 21 /29



Induced Higher Order Structure

e O3 —gu3 =0
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Induced Higher Order Structure

e O3 —gu3 =0

@ Define g, =0 and uj, =0 forall n > 4
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Induced Higher Order Structure

e O3 —gu3 =0
@ Define g, =0 and uj, =0 forall n > 4

@ Then (H,pLH,]/t?_,) is an Ax-algebra and G = g+ g» is Aw-map
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Induced Higher Order Structure

e O3 —gu3 =0

Define g, = 0 and u}, =0 for all n > 4

Then (H, Wi ]/t?_,) is an Ax-algebra and G = g+ g» is Aw-map

Theorem 1 extends immediately to Aw-bialgebras
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Generalized Multiplihedra

Transfer is controlled by generalized multiplihedra {Jva"}m,nzl of which
JJn,l - J-Il,n = -In

(g®g)w;

The Generalized Multiplihedron JJ; »
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Transfer Problem 2

@ The problem is exactly the same as before
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Transfer Problem 2

@ The problem is exactly the same as before

o Identify g, m with the (m + n— 1)-dimensional polyhedron J, n
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Transfer Problem 2

@ The problem is exactly the same as before
o Identify g, m with the (m + n— 1)-dimensional polyhedron J, n

o Let QM2 C JJ, » denote the cell identified with g®"w"™
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Transfer Problem 2

@ The problem is exactly the same as before
o Identify g, m with the (m + n— 1)-dimensional polyhedron J, n
o Let QM2 C JJ, » denote the cell identified with g®"w"™

o ©" € Hom™* "2 (B®™ A®") is identified with dJJ, ,, — int QM +"~2
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Transfer Problem 2

@ The problem is exactly the same as before

Identify g, m with the (m -+ n — 1)-dimensional polyhedron J, n

Let Q"2 C JJp m denote the cell identified with g®"w"™

o € Hom™tn=2 (B®Mm A®") is identified with dJJ, , —int QM2

Von € Hom™tn=3 (B®m A®n) is identified with 9QM "2
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Transfer Problem 2

The problem is exactly the same as before

Identify g, m with the (m -+ n — 1)-dimensional polyhedron J, n

Let Q"2 C JJp m denote the cell identified with g®"w"™

on € Homm+tn=2(B®m A®n) is identified with dJJ, , — int @M "2
Von € Hommtn=3 (B®m A®n) is identified with 9Q™+"~2

Transfer Problem 2: Let A be an Aw-bialgebra, let B be a

DGM,and let g : B — A be a chain map. Given {w}, g/}
1<i+j<k

construct gy and wyg™ for each (m, n) with m+ n = k so that

Vgn = — g% wg™
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Second Transfer Theorem

@ A chain map g induces a cochain map
g: (Hom (B®’", B®") ;VB) — Hom (B®’",A®”; V)

given by g (u) = g®"u
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Second Transfer Theorem

@ A chain map g induces a cochain map
g: (Hom (B®’", B®") ;VB) — Hom (B®’",A®”; V)
given by g (u) = g®"u

@ Transfer Problem 2 has a solution whenever g is a quasi-isomorphism
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Second Transfer Theorem

@ A chain map g induces a cochain map
g: (Hom (B®’", B®") ;VB) — Hom (B®’",A®”; V)
given by g (u) = g®"u
@ Transfer Problem 2 has a solution whenever g is a quasi-isomorphism
@ Theorem 2. If g is a quasi-isomorphism, then

(i) g transfers the A-bialgebra structure from A to B; the induced
structure on B is unique up to automorphism

(ii) g extends to a map G : B = A of A-bialgebras
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Application: Homology of Loop Spaces

o Proposition 2. Let A be an A-bialgebra A over a field k, and
choose a cycle-selecting homomorphism g: H — A. Then g is a
quasi-isomorphism.
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Application: Homology of Loop Spaces

o Proposition 2. Let A be an A-bialgebra A over a field k, and
choose a cycle-selecting homomorphism g: H — A. Then g is a
quasi-isomorphism.

o Corollary 2. If A is an Aw-bialgebra over a field k, there is an
induced Ac-bialgebra structure on H (A; k).
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Application: Homology of Loop Spaces

o Proposition 2. Let A be an A-bialgebra A over a field k, and
choose a cycle-selecting homomorphism g: H — A. Then g is a
quasi-isomorphism.

o Corollary 2. If A is an Aw-bialgebra over a field k, there is an
induced Ac-bialgebra structure on H (A; k).

o Example 2. Let X be a space. There is an induced Ac-bialgebra
structure on H, (QOX; k)
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Rational Cohomology of Loop Spaces

o Example 3. Let X be a simply connected space
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Rational Cohomology of Loop Spaces

o Example 3. Let X be a simply connected space

e H=H"(QX;Q) is an Ax-coalgebra with operations

(A" H — H®")

n>2
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Rational Cohomology of Loop Spaces

o Example 3. Let X be a simply connected space

e H=H"(QX;Q) is an Ax-coalgebra with operations
(A" H — HO")

n>2

o Compatibility of the cup product y with A = A? is expressed by the
classical Hopf relation

Ap=(p@u)o2 (A®A)
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Rational Cohomology of Loop Spaces

o Example 3. Let X be a simply connected space

e H=H"(QX;Q) is an Ax-coalgebra with operations
(A" H — HO")

n>2

o Compatibility of the cup product y with A = A? is expressed by the
classical Hopf relation

A= (4@ pu)o22 (AR A)
o Compatibility of u with A% is expressed by the relation
Nu=puo3 [(A1)ARAN + A (10 A)A],

where 07y 4 1 (HZP)®9 — (H®9)®P permutes tensor factors
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Rational Cohomology of Loop Spaces (continued)

o Compatibility of y with A" is expressed in terms of the S-U diagonal
on cellular chains of associahedra:

Ak : G (K) — C. (K)® G, (K)
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Rational Cohomology of Loop Spaces (continued)

o Compatibility of y with A" is expressed in terms of the S-U diagonal
on cellular chains of associahedra:

Ak : G (K) — C. (K)® G, (K)

o Let e"2 denote the top dimensional cell of K,
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Rational Cohomology of Loop Spaces (continued)

o Compatibility of y with A" is expressed in terms of the S-U diagonal
on cellular chains of associahedra:

Ak : G (K) — G (K) ® Ci (K)
o Let e"2 denote the top dimensional cell of K,

@ Represent the Aw-coalgebra H as an algebra over the Aw-operad

&: G (K) — Hom (H, H®")
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Rational Cohomology of Loop Spaces (continued)

o Compatibility of y with A" is expressed in terms of the S-U diagonal
on cellular chains of associahedra:

Ak : G (K) — G (K) ® Ci (K)
o Let e"2 denote the top dimensional cell of K,
@ Represent the Aw-coalgebra H as an algebra over the Aw-operad
&: G (K) — Hom (H, H®")
@ Then ¢ (e""2) = A" and

A= p®"0n, [(E®E) Ak (e"72)]
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Thank you!

(4D Digital Imaging Seminar ) Transferri Structures



